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ABSTRACT
GRID-CONNECTED PHOTOVOLTAIC SYSTEMS BASED ON NONLINEAR
CONTROL
Pablo R. Rivera
March 2, 2018
Solar energy, considered as abundant and clean renewable energy source, has been
utilized for a variety of applications such as generation of electricity for low and medium
power. Nowadays, due to the high-scale penetration of photovoltaic systems, reliable and
efficient grid-connected photovoltaic (PV) systems using the advances of power
electronics and control system technology are desirable. Thus, single-stage gridconnected photovoltaic systems, have gained attention, especially in low voltage
applications. However, PV systems exhibit nonlinear behavior due to the intrinsic
features of the PV cell and nonlinear switching functions of the inverter that could
negatively affect the performance of the system if they are not adequately compensated
for. In this dissertation, using the general structure for the synchronous dq0 frame, a
single-stage three-phase grid-connected photovoltaic inverter with a nonlinear control
strategy is developed to track the maximum power regardless of the atmospheric
conditions and to control the active and reactive power without the necessity of an
additional power converter. A novel trajectory of the reference current is obtained online
taking into account the dynamics of the DC link capacitor and the switching function of
the inverter.
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Furthermore, due to increased penetration of low-power single-phase PV systems
in residential applications, a single-stage single-phase grid-connected PV system with a
nonlinear control strategy is proposed in this dissertation. Unlike to the three-phase
system, the single-phase system includes a novel method to mitigate the double linefrequency current ripple of the PV array, which is the major drawback of the single-phase
PV inverter. Moreover, based on the preceded work, the nonlinear controller is combined
with adaptive control to estimate the unknown disturbances that physically could appear
in the circuit and affect the performance of the system.
Additionally, in this study, the stability of the system and boundedness of signals
of the closed-loop system are demonstrated by Lyapunov stability analysis for both the
three-phase system and the single-phase system respectively. Simulation results show the
effectiveness and robustness of the proposed controllers to track the maximum power and
to control the active and reactive power to sudden changes in the atmospheric conditions
and changes in the load.
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CHAPTER I
1

INTRODUCTION

Solar energy is the most abundant and the cleanest renewable energy source
available in the world, technically ready to use for a variety of applications, such as the
generation of electricity for residential, commercial, or industrial consumption [1], [2]. It
has become an essential part of modern energy systems due to the reduction in the
photovoltaic (PV) module costs and the evolution of the classic power converter from the
point of view of efficiency, reliability, and costs [2]. Power electronics technology has
become an important component in distributed generation (DG) and in facilitating the
incorporation of renewable energy sources into the grid [3].
Photovoltaic converters are widely used to convert the DC voltage generated by the
PV array to AC voltage. Two-stage power conversion is currently the most common
approach to cope with the DC voltage range produced by the PV panel [2]. This
configuration consists of a DC-DC power converter, which achieves maximum power
point tracking (MPPT) in combination with maximum power point (MPP) algorithms and
a DC-AC power converter stage to supply power to the grid or the grid and local loads.
Well-known control approaches such as Perturb and Observe (P&O), Incremental
Conductance (INC), Constant Voltage (CV) algorithms, and improved versions of them
have been developed to track the MPP operation as in [17]-[23]. Multiple-stage power
conversion systems decrease the overall energy efficiency and reliability of the PV
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installation besides increasing the cost [2], [4]. Therefore, from the point of view of
efficiency and reliability, single-stage grid-connected photovoltaic systems, which consist
of a PV array and a DC-AC converter with MPPT, have been reported in some papers to
control the active power and reactive power using conventional linear control techniques
as in [4] – [12]. Most of the studies have been developed for three-phase systems, which
are widely utilized in PV systems but, due to the high-scale penetration of low-power
single-phase PV systems, in last years some researchers have aimed their studies to singlephase systems not only from the efficiency and reliability point of view but also for grid
support. Giving grid support could alleviate the adverse effects that could cause
disconnecting the PV system from the grid in case of a grid fault as is required by current
grid standards of some countries (for instance the IEEE 1547 standard) [60]. In [60] it is
stated that in the near future PV systems should become more dynamic with
functionalities such as low-voltage ride-through (LVRT) and grid support capability.
However, to date, current grid standards of some countries are still in effect and should be
revised [16], [42] to enable such additional functionalities for PV systems.
PV systems exhibit nonlinear behavior due to the intrinsic features of the PV cell and
nonlinear switching functions of the inverter [24] that could negatively affect the
performance of the system if they are not adequately compensated. Since nonlinear
controllers deal with nonlinearities directly [51], in the literature, there are some advanced
and efficient nonlinear control techniques and schemes applied to grid-connected PV
systems. Techniques such as backstepping control, sliding control, and feedback
linearization, have been presented in [24]-[39]. Most of those studies involve the twostage topology either for three-phase or single-phase systems.
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For the case of two-stage topology, a three-phase system with a nonlinear
backstepping controller to inject active and reactive power to the grid is presented in [24].
The scheme proposed in [24] is classified as a two-stage power converter because it uses a
DC-DC converter to regulate the voltage of the DC link capacitor ensuring MPPT as a
first stage, and a three-phase inverter to control the active and reactive power injected to
the grid as a second stage. In [25], [26], [27], and [28] describe a two-stage single-phase
grid-connected PV system based on backstepping control for power factor correction and
maximum power tracking. These works utilize a DC-DC boost converter to track the
maximum power from the PV array and to regulate the input voltage to the inverter, and a
single-phase full-bridge DC-AC converter (inverter) to supply active power with unity
power factor on the grid side. The principal difference between these works is the way in
which the input voltage to the inverter is regulated. In [25] the squared output voltage of
the DC-DC converter tracks a given squared reference voltage, which reference voltage is
a given value higher than the peak voltage of the grid. In [26] and [28] a PI controller is
utilized to regulate the output voltage of the DC-DC boost converter. In [27], the
derivative of the squared output voltage of the DC-DC converter is modeled as an
integrator perturbed with a cosine signal of double frequency to track the output reference
voltage and to reject any disturbance.
In [29] a two-stage three-phase system based on sliding control technique is
described. The first stage is a DC-DC converter with a coupled inductor topology for
voltage boosting. It applies the adaptive sliding surface for MPP tracking. A DC-AC
three-phase converter for power factor correction forms the second stage. In [30] is
presented a sliding control for a PV system. The sliding controller of a boost converter
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drives the PV voltage to follow the reference voltage obtained from an MPPT algorithm.
The sliding surface is designed taking into account the voltage dynamics of the DC link
capacitor, which voltage derivative is acquired by measuring the capacitor current.
However, this method to obtain the capacitor current could be a cause of divide-by-zero
singularity problems [31]. The sliding control is a robust control technique that deals with
model uncertainties. Nevertheless, the sliding mode controller generates a very harsh
switching control input [32], which results in chattering phenomenon, which is
undesirable for power electronic systems.
The linearization technique transforms the nonlinear system into a full or partial
linear equivalent by canceling the nonlinearities. Then, linearizing the states equations, the
controller can be designed for either stabilization or tracking purposes [51]. Some works
related to PV system applications have been reported applying the linearization technique.
A two-stage three-phase inverter based on linearization technique to inject maximum
power into the grid from the PV array is presented in [33]. However, the linearization
technique could lead to stability issues when the parameters of the system vary, or the
operating conditions change.
Two-stages PV systems based on nonlinear control techniques have shown good
performance. Still, two-stage power conversion system reduces the overall energy
efficiency and reliability of the PV system besides increasing the cost [2]. To date, only a
few works have been reported for single-stage power conversion applying nonlinear
control techniques. In [34], a partial feedback linearization technique for three-phase
systems is presented considering uncertainties of the PV system model. Based on the same
control technique, in [35] is reported a nonlinear current control scheme for a single-phase

4

grid-connected photovoltaic (PV) system. In [36] an input-output feedback linearization
technique for a three-phase inverter modeled in dq0 reference frame is presented. All these
works based on feedback linearization have obtained the desired results. However, the
feedback linearization technique is susceptible to the variation of parameters [24].
In [31] is proposed a sliding mode controller for a single-stage single-phase gridconnected photovoltaic system. The sliding surface is designed using the error of the
inductor current. An MPPT algorithm generates the power reference instead of the voltage
reference. Therefore, the sliding surface is designed to control both the inductor current
and the PV power. The reference current is obtained as a function of the reference power
based on the power-balance relationship. A similar controller is presented in [37] for a
single-stage three-phase grid-connected photovoltaic system. In this case, the three-phase
system is analyzed in dq0 reference frame. As it was mentioned, the sliding mode
controller has robust control property under parameters uncertainties; however,
determination of the sliding surface is a harsh command [32].
An ideal averaged model of a single-stage three-phase PV system is reported in [38].
It uses a nonlinear backstepping controller to control only the active power, but it does not
consider the exact switching topology of the system [24]. In [38] is presented a new
technique to achieve MPP using an optimal voltage reference generator, which voltage
regulation involves the squared DC voltage. In [39], a single-stage three-phase gridconnected PV system using a Lyapunov-based nonlinear control to manage the active
power is presented. The research presented in [39] does not take into account the voltage
dynamics of the DC link capacitor, which includes nonlinearities due to the switching
functions of the inverter. The voltage dynamics of the DC link capacitor could lead to
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oscillation of the DC link voltage or injection of non-sinusoidal current to the grid if they
are not incorporated therefore affecting the efficiency and the power quality.
In this dissertation, using a single-stage three-phase grid-connected photovoltaic
system a nonlinear control strategy based on Lyapunov analysis is proposed. The
controller is designed to achieve maximum power point operation regardless of the
atmospheric conditions without the necessity of a DC-DC converter and to control the
active and reactive power, thus to guarantee unity power factor on the grid side. The
voltage dynamics of the DC link capacitor that contains the switching function of the
inverter are considered in the design of the nonlinear controller. For that, a novel method
to obtain the reference current taking into account the voltage dynamics of the DC link
capacitor is developed. The structure for synchronous dq0 frame control configuration is
adopted in this dissertation because the control variables become constant values,
therefore facilitating the design of the controller [40]. Furthermore, the Incremental
Conductance algorithm is utilized in this research based on its applications, performance,
and reliability [19], [20] to track the MPP operation, thus to obtain the reference voltage
regardless of the atmospheric conditions. Moreover, a Lyapunov analysis is developed to
prove the stability of the system and boundedness of the signals in the closed-loop
system. Simulations results demonstrate the control objectives are met along with the
effectiveness and robustness of the nonlinear controller in the proposed control scheme.
Nowadays, the PV market has been dominated by residential applications with lowpower single-phase PV systems [42]. From the point of view of efficiency, cost, and size,
single-stage inverters have gained attention, especially in low voltage applications [9].
Unlike the three-phase grid-connected PV system, the single-phase PV system has an AC
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component of double line frequency on the DC bus. This AC component negatively
affects the PV voltage causing a deviation from the voltage at maximum power point
(Vmpp); therefore, it can result in a reduction of the efficiency [43]. The use of two-stage
power converter decreases the negative effect of the DC bus voltage ripple that could
perturb the maximum power point operation of the solar array [44]. In a single-stage
converter, the 120 Hz current ripple is filtered by the DC link capacitor, but an important
amount of the current ripple could propagate to the solar array as in the two-stage
topology [45]. Based on the voltage cancelation principle presented by [44] for two-stage
power conversion, in this dissertation, it is proposed a novel method to mitigate the current
ripple without the necessity of a DC-DC converter. Moreover, the proposed nonlinear
control approach; developed for the three-phase system using the dq0 frame, is applied in
the single-phase topology to obtain maximum power and to control the active and reactive
power supplied to the grid. However, the dq0 transformation method utilized in the threephase system is not straightforward for single-phase systems. Then, the method proposed
in [46] is adopted in this dissertation to obtain the model of the single-phase system in dq
frame. Additionally, based on the preceded work, the nonlinear controller is combined
with adaptive control to adaptively estimate the unknown disturbances that physically
appear in the circuit such as imperfect switching timing [41]. The stability of the control
algorithm is verified by Lyapunov analysis. Simulations results demonstrate the
effectiveness and robustness of the nonlinear control schemes.
The rest of this work is organized as follows: In Chapter II an overview of
photovoltaic systems is detailed. This section covers the characteristics of the PV array
and a brief analysis of the configurations used in PV systems. In addition, this chapter
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contains the description of the Incremental Conductance algorithm utilized in this work
for maximum power point tracking. Moreover, the basis of the control system for gridconnected PV systems is explained in this section. Chapter III covers the model of the
three-phase grid-connected inverter in abc frame along with the transformation of the
system to dq0 frame considering the cross-coupling dependence of the active and reactive
power that appear due to the dq0 transformation. Chapter IV contains the development
of the controller to obtain maximum power point operation and to control the active and
reactive power based on Lyapunov theory. Additionally, a new trajectory of the reference
current to control the active power is developed. Furthermore, this chapter contains the
stability analysis based on Lyapunov theorems to show the convergence of the error
signals of current and voltage. Simulation results of the proposed scheme are shown in
this chapter. Chapter V covers the analysis of the single-phase system model including
the proposed approach to mitigate the current ripple. The model of the single-phase
system in dq frame including the current ripple mitigation is developed in this section.
Chapter VI covers the design of the control signals to achieve maximum power point
operation and to control the active and reactive power in a single-phase scheme based on
Lyapunov approach. Additionally, this chapter contains the design of the new trajectory
to obtain the reference current considering the current ripple. Furthermore, the stability
analysis of the proposed controller is reported in this section. Simulation results are
shown in this chapter to validate the proposed approach to mitigate the current ripple and
to confirm the effectiveness of the proposed controller. Chapter VII covers the design of
the nonlinear controller combined with adaptive control to estimate the unknown
disturbances that physically could appear in the circuit and negatively affect the
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performance of the system. A Lyapunov analysis is developed to show the stability and
boundedness of the signals in the closed loop system. Simulation results validate the
performance and robustness of the controller when unknown disturbances appear in the
circuit. Finally, Chapter VIII contains the conclusions.
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CHAPTER II
2

2.1

OVERVIEW OF PHOTOVOLTAIC SYSTEMS

PV Array System Model
PV arrays exhibit nonlinear characteristics, which change as the irradiation and

temperature change. A variety of models of PV cells has been reported in the literature
for MPPT. An equivalent circuit of the PV cell model; known as a single-diode model, is
shown in Figure 2.1 [47].

Figure 2.1 Solar cell equivalent circuit
The equations that represent the current-voltage (I-V) characteristics are as follows
[5]:
𝐼 = 𝐼𝑝ℎ − 𝐼𝑑 −
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𝑉𝑑
𝑅𝑝

(2-1)

𝑉𝑑 = 𝐼𝑅𝑠 + 𝑉

(2-2)
𝑞𝑉𝑑
) − 1]
𝐴𝐾𝑇

(2-3)

𝐼𝑝ℎ = [𝐼𝑠𝑐 + 𝐾𝑙 (𝑇 − 𝑇𝑟 )]𝜆

(2-4)

𝐼𝑑 = 𝐼0 [𝑒𝑥𝑝 (

where 𝐼𝑝ℎ is the photocurrent, 𝐼𝑑 is the average current through the diode, and 𝑉𝑑 is the
average voltage of the photovoltaic cell. 𝐼0 is the reverse saturation current at the
reference temperature 𝑇𝑟 [5], 𝐴

is the diode ideal factor, T is the solar cell panel

temperature in absolute scale ( 𝑜𝐾 ), 𝐼𝑠𝑐 is the short circuit current at the reference
temperature and radiation, 𝐾𝑙 is the short circuit current temperature coefficient, and 𝜆 is
the solar radiation. K is the Boltzmann constant = 1.38𝑥10−23 𝐽/ 𝑜𝐾, 𝑞 is the electron
charge 𝑞 = 1.6𝑥10−19 Coulombs.
The current-voltage and power-voltage characteristics of a PV module for various
values of irradiance at 25 oC are shown in Fig. 2.2, and the characteristics of the PV
module for various values of temperature at 1000 𝑊⁄𝑚2 are shown in Figure 2.3.
Depending on the power rate, the PV array consists of strings of 𝑁𝑝 photovoltaic modules
connected in parallel. Each string consists of 𝑁𝑠 modules connected in series. Then, the
output voltage 𝑉𝑝𝑣 and output current 𝐼𝑝𝑣 of the PV array are given by the following
equations:
𝑉𝑝𝑣 = 𝑁𝑠 (𝑉𝑑 − 𝐼𝑅𝑠 )

(2-5)

𝐼𝑝𝑣 = 𝑁𝑝 𝐼

(2-6)

𝑃𝑝𝑣 = 𝑉𝑝𝑣 𝐼𝑝𝑣 .

(2-7)
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Figure 2.2 Solar cell characteristics at 25 oC

Figure 2.3 Solar cell characteristics at 1000 𝑊⁄𝑚2
Due to shadowing or anything obstructing the PV module, connections of PV modules in
series and parallel could lead to decrease the efficiency of the PV module and therefore
of the PV array [48]. One way of mitigating the effect of shadows is to connect bypass
diodes, but they do not solve the issue entirely [49].
For grid-connected PV systems applications, it is necessary to have an interface
between the PV array and the grid to regulate the PV voltage thus to obtain the maximum
power of the PV array and to inject sinusoidal current to the grid. The configurations
shown in Figure 2.4 are used to achieve these requirements [50]:
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a)

b)

c)
Figure 2.4 a) Multi-stage, b) Two-stage, c) Single-stage PV systems configurations

From efficiency and reliability point of view, single-stage PV systems; as is shown in
Figure 2.4 c), have gained attention in the research world. Single-stage PV systems have
been reported by researchers using many circuits topologies and different control
approaches to managing the active and reactive power of grid-connected PV systems with
MPPT. Depending on the range of the electric power, PV systems are classified as three-

13

phase or single-phase systems. For low power application of about few kilowatts, singlephase PV systems are required to operate at unity power factor (PF) with maximum
power point tracking [42].
The power generated by the PV system has to supply the grid or local loads and the
grid when the PV system output power is greater than the load demand. The active power
flow direction; on the grid side, depends on the power generated by the PV system or on
the power required by the load. Figure 2.5 shows the power flow when it is required to
have unity power factor on the grid side according to current grid standard for low and
medium power applications.

Figure 2.5 Power flow of the PV system for unity power factor
The total active power and reactive power of a three-phase grid-connected voltage
source inverter (VSI), considering the dq0 reference frame are given by the following
equations [4]:
3
𝑃𝑔 = (𝑉𝑔𝑑 𝐼𝑑 + 𝑉𝑔𝑞 𝐼𝑞 )
2

(2-8)

3
𝑄𝑔 = (𝑉𝑔𝑑 𝐼𝑞 − 𝑉𝑔𝑞 𝐼𝑑 )
2

(2-9)
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where, 𝑉𝑔𝑑 and 𝑉𝑔𝑞 are the d-axis and q-axis voltage components of the grid, and 𝐼𝑑 and 𝐼𝑞
are the d-axis and q-axis current components of the inverter. The voltage of the grid is
assumed to be a zero averaged sinusoid with low harmonic components. Therefore, the qaxis component of the grid voltage 𝑉𝑔𝑞 = 0, then:
𝑃𝑔 =

3
(𝑉 𝐼 )
2 𝑔𝑑 𝑑
3

𝑄𝑔 = 2 (𝑉𝑔𝑑 𝐼𝑞 ).

(2-10)

(2-11)

Considering the inverter as lossless and dismissing the power loss on the filter inductor,
the steady state PV power given by Eq. (2-7) is equal to the active power of the grid
given by Eq. (2-10) for three-phase systems, thus:
3
𝑉𝑝𝑣 𝐼𝑝𝑣 = (𝑉𝑔𝑑 𝐼𝑑 ).
2

(2-12)

For single-phase systems, the active power and reactive power of the grid, and power of
the PV array are as follows:

2.2

1
𝑃𝑔 = (𝑉𝑔𝑑 𝐼𝑑 )
2

(2-13)

1
𝑄𝑔 = (𝑉𝑔𝑑 𝐼𝑞 )
2

(2-14)

1
𝑉𝑝𝑣 𝐼𝑝𝑣 = (𝑉𝑔𝑑 𝐼𝑑 ).
2

(2-15)

Maximum Power Point Tracking Algorithm
An MPPT algorithm is required to match the solar PV power to changes in the

atmospheric conditions and operate to obtain maximum power. The Incremental
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Conductance algorithm is utilized in this dissertation based on its applications,
performance, and reliability to track the MPP operation and hence to obtain the reference
voltage regardless of the atmospheric conditions [19], [20]. For a PV array, the derivative
of the output power with its voltage is given by the following equation [19]:
𝑑𝑃 𝑑(𝐼𝑉)
𝑉𝑑𝐼
=
=𝐼+
.
𝑑𝑉
𝑑𝑉
𝑑𝑉

(2-16)

Then, Eq. (2-16) can be written as:
𝑑𝑃
𝑉∆𝐼
≈𝐼+
.
𝑑𝑉
∆𝑉

(2-17)

The solution of Eq. (2-17) is zero at MPP, positive on the left of the MPP, and negative
on the right of the MPP. Therefore, Eq. (2-17) can be expressed as:
∆𝐼
𝑉 = 0 𝑎𝑡 𝑀𝑃𝑃
∆𝑉
∆𝐼
𝐼+
𝑉 > 0 𝑎𝑡 𝑙𝑒𝑓𝑡 𝑜𝑓 𝑀𝑃𝑃
∆𝑉
∆𝐼
𝐼
+
𝑉 < 0 𝑎𝑡 𝑟𝑖𝑔ℎ𝑡 𝑜𝑓 𝑀𝑃𝑃.
{
∆𝑉
𝐼+

(2-18)

Figure 2.6 Power and voltage variation for Incremental Conductance algorithm [20]
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As it is shown in Figure 2.6, if the MPP lies on the right side, the reference voltage must
decrease to reach the MPP. On the other hand, if MPP lies on the left side, the reference
voltage must increase to reach the MPP. Moreover, when a change in ∆𝐼 is presented, the
algorithm decrements the voltage if ∆𝐼 > 0 or it increments the voltage if ∆𝐼 < 0 to
track the new MPP. In this work, the reference voltage, required as a part of controller
design, is directly obtained from the INC algorithm. The initial operating point of the
reference voltage is set at 80% the open circuit voltage (Voc) of the PV array [21] during
the first cycle to avoid misleading of the MPP. As soon the MPP is reached, the output
voltage of the solar array oscillates around the ideal operating point voltage. Since in this
work the INC algorithm is applied with fixed step size, the step size of the voltage (𝑣𝑠𝑡𝑒𝑝 )
was obtained by trial – error method to find a satisfactory working point between the
dynamics and steady-state oscillation [19].

2.3

Control System for Grid-Connected PV Systems
Grid-connected PV systems need a power-conditioning unit to be connected

between the PV array and the grid. These systems are designed to operate in parallel with
the grid as is shown in Figure 2.7 [1]. An MPPT scheme, the power converter, the grid
interface, and the control system compose the power conditioning. For grid-connected
PV applications, the control system is designed to obtain a good performance of the PV
system with maximum power point operation and low total harmonic distortion of the
grid current with unity power factor on the grid side [1]. The MPPT scheme finds the
voltage or current at maximum power point at which the PV array should work to extract
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the maximum power despite the atmospheric conditions. The power converter changes
the DC current generated by the PV array to AC current. In the two-stage topology, a
DC-DC converter generally performs the MPP operation and sometimes voltage
boosting, and a DC-AC converter changes the DC current to AC current with unity power
factor for grid-connected systems. In a single-stage topology, a DC-AC converter is
utilized to track the MPP, to change the DC current generated by the PV array to AC
current, and to control the active and reactive power supplied to the grid. The grid
interface is utilized to filter the high frequency components of the AC inverter current
and obtain an AC current with low total harmonic distortion to be injected into the grid.

Figure 2.7 Block diagram of a grid-connected PV system

Classical linear control techniques such as PI controller, Proportional Resonant
(PR) controller, Hysteresis controller, and Predictive controller have been presented in
[4]-[14] for grid-connected PV applications. PV systems exhibit nonlinear behavior due
to the intrinsic features of the PV cell and nonlinear switching function of the DC-AC
converter [34]. Since these nonlinearities could negatively affect the performance of the
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system if they are not adequately compensated for, new control solutions have been
proposed using advanced nonlinear control techniques such as feedback linearization,
sliding-mode control, and backstepping control. The backstepping control technique has
shown good tracking performance, stability and system dynamics in standalone inverters
[41].
The tasks of the control system are divided into two categories; i) stabilization and
ii) tracking [51]. In a stabilization problem, the control system is designed so that the
state of the closed-loop system is stabilized around the equilibrium point of the system. In
tracking control problem, the objective is to build a controller so that the output of the
system tracks the desired trajectory keeping the entire system stabilized. Since tracking
problem covers stabilization problem, it is more challenging to solve a tracking problem
than stabilization problem [51]. The Lyapunov theory is based on mathematical concepts
so that if a differentiable function is positive definite and its time derivative is negative or
zero, then the function will decrease to zero or some positive constant [54]. Based on this
theory, the control law, which is composed of a feedforward and a feedback parts, is
designed to track the desired trajectory along with stabilizing the system. The
feedforward part provides the needed input for following the desired trajectory and
canceling the effects of known disturbances, while the feedback part stabilizes the
tracking error dynamics [51]. The basis of Lyapunov theory can be found in nonlinear
control systems reference books as in [51]-[53].
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CHAPTER III
3

SINGLE-STAGE THREE-PHASE GRID-CONNECTED PHOTOVOLTAIC
SYSTEMS

3.1

Three-Phase Inverter System Model
A single-stage three-phase grid-connected photovoltaic system, as is shown in

Figure 3.1, is used to control the active and the reactive grid power while achieving
maximum power point tracking of the PV array. In this work, a three-phase Voltage
Source Inverter (VSI) with the Space Vector PWM technique is utilized because the
voltage stress and losses in the switching devices are reduced [5]. Moreover, the voltage of
the PV array is chosen to be greater than the peak voltage of the grid [1] to be able to
control the active and the reactive power without the necessity of a DC-DC boost stage.

Figure 3.1 Three-phase PV system with output filter R-L
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From Figure 3.1, the equations that represent the dynamic analytical model in abc
frame are as follows:
𝑣𝑎𝑁 = 𝐿

𝑑𝑖𝑎
+ 𝑅𝑖𝑎 + 𝑣𝑔𝑎 + 𝑣𝑐𝑜𝑚
𝑑𝑡

(3-1)

𝑣𝑏𝑁 = 𝐿

𝑑𝑖𝑏
+ 𝑅𝑖𝑏 + 𝑣𝑔𝑏 + 𝑣𝑐𝑜𝑚
𝑑𝑡

(3-2)

𝑣𝑐𝑁 = 𝐿

𝑑𝑖𝑐
+ 𝑅𝑖𝑐 + 𝑣𝑔𝑐 + 𝑣𝑐𝑜𝑚
𝑑𝑡

(3-3)

𝑑𝑣𝑝𝑣
+ 𝐼𝑖𝑛
𝑑𝑡

(3-4)

𝐼𝑝𝑣 = 𝐶

where 𝑅 and 𝐿 are the equivalent series resistance and inductance of the output filter and
the grid supply respectively, 𝐶 is the capacitance of the input filter of the inverter, 𝑣𝑐𝑜𝑚 is
the DC common mode voltage between the neutral point n and the negative point N, 𝑣𝑔𝑎 ,
𝑣𝑔𝑏 , 𝑣𝑔𝑐 are the phase voltages of the grid, 𝑖𝑎 , 𝑖𝑏 , 𝑖𝑐 are the phase output currents of the
inverter, 𝐼𝑖𝑛 is the input current to the inverter. Assuming that 𝑣𝑎𝑛 , 𝑣𝑏𝑛 , 𝑣𝑐𝑛 are the threephase switching-average voltages to be synthesized [56], which are sinusoidal and they
are lagging each other by 120 degrees, and the grid frequency is much lower than the
switching frequency [4], the DC common mode voltage 𝑣𝑐𝑜𝑚 is given by the following
equation
1

𝑣𝑐𝑜𝑚 = 3 (𝑣𝑎𝑁 + 𝑣𝑏𝑁 + 𝑣𝑐𝑁 ).

(3-5)

The control functions 𝑑1 , 𝑑2 , and 𝑑3 of the scheme shown in Figure 3.2 are defined by the
following equations [56]:
𝑑1 =

𝑣𝑎𝑁
𝑉𝑝𝑣

, 𝑑2 =

𝑣𝑏𝑁
𝑉𝑝𝑣
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, 𝑑3 =

𝑣𝑐𝑁
𝑉𝑝𝑣

.

(3-6)

From Figure 3.2, the input current to the inverter is given by:
𝐼𝑖𝑛 = 𝑑1 𝑖𝑎 + 𝑑2 𝑖𝑏 + 𝑑3 𝑖𝑐 .

(3-7)

Figure 3.2 Equivalent circuit of the switch-mode three-phase inverter [56]
Substituting Eq. (3-5) and Eq. (3-6) into equations (3-1), (3-2), and (3-3), and Eq. (3-7)
into Eq. (3-4), the equations that represent the state-space model of the system in abc
frame are obtained:
𝑉𝑝𝑣
𝑑𝑖𝑎
𝑅
1
(2𝑑1 − 𝑑2 − 𝑑3 ) − 𝑣𝑔𝑎
= − 𝑖𝑎 +
𝑑𝑡
𝐿
3𝐿
𝐿

(3-8)

𝑉𝑝𝑣
𝑑𝑖𝑏
𝑅
1
(−𝑑1 + 2𝑑2 − 𝑑3 ) − 𝑣𝑔𝑏
= − 𝑖𝑏 +
𝑑𝑡
𝐿
3𝐿
𝐿

(3-9)

𝑉𝑝𝑣
𝑑𝑖𝑐
𝑅
1
(−𝑑1 − 𝑑2 + 2𝑑3 ) − 𝑣𝑔𝑐
= − 𝑖𝑐 +
𝑑𝑡
𝐿
3𝐿
𝐿

(3-10)

𝑑𝑉𝑝𝑣 1
1
= 𝐼𝑝𝑣 − (𝑑1 𝑖𝑎 + 𝑑2 𝑖𝑏 + 𝑑3 𝑖𝑐 )
𝑑𝑡
𝐶
𝐶

(3-11)

From equations (3-8), (3-9), and (3-10), the relationship between the switching function
vectors [𝑑1

𝑑2

𝑑3 ]𝑇 and the phase-voltages can be expressed as follows:
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𝑣𝑎𝑛
𝑉𝑝𝑣 2
𝑣
[ 𝑏𝑛 ] =
[−1
3
𝑣𝑐𝑛
−1

−1
2
−1

−1 𝑑1
−1] [𝑑2 ]
2 𝑑3

(3-12)

where 𝑑1 , 𝑑2 , and 𝑑3 can get the state ON (1) or OFF (0) to drive the upper (𝑆1 , 𝑆3 , and
𝑆5 ) and the lower transistors (𝑆2 , 𝑆4 , and 𝑆6 ) showed in Figure 3.1. The states of the
lower transistors are the complement of the upper transistors. The switching states of the
corresponding vectors to generate the phase-voltages of the three-phase system are
obtained from Eq. (3-12). The states of the corresponding transistors are shown in Table
3.1. As it was stated, in this work is used the SVPWM algorithm, which switching
patterns are well known and can be found in any related reference as in [5]. The linevoltage waveform of the inverter applying the PWM technique is shown in Figure 3.3.

Figure 3.3 Inverter voltage applying the PWM technique
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Table 3.1 Switching states and voltage values
Transistor

Phase-Voltage

Line-Voltage

Vector

𝑆1

𝑆3

𝑆5

𝑉𝑎𝑛

𝑉𝑏𝑛

𝑉𝑐𝑛

𝑉𝑎𝑏

𝑉𝑏𝑐

𝑉𝑐𝑎

𝑉1

1

0

0

−𝑉𝑝𝑣

1

0

0

𝑉𝑝𝑣

−𝑉𝑝𝑣

𝑉3

0

1

0

−𝑉𝑝𝑣

𝑉𝑝𝑣

0

𝑉4

0

1

1

−𝑉𝑝𝑣

0

𝑉𝑝𝑣

𝑉5

0

0

1

0

−𝑉𝑝𝑣

𝑉𝑝𝑣

𝑉6

1

0

1

1
− 𝑉𝑝𝑣
3
2
− 𝑉𝑝𝑣
3
1
− 𝑉𝑝𝑣
3
1
𝑉
3 𝑝𝑣
2
𝑉
3 𝑝𝑣
1
𝑉
3 𝑝𝑣

0

1

1
− 𝑉𝑝𝑣
3
1
𝑉
3 𝑝𝑣
2
𝑉
3 𝑝𝑣
1
𝑉
3 𝑝𝑣
1
− 𝑉𝑝𝑣
3
2
− 𝑉𝑝𝑣
3

𝑉𝑝𝑣

𝑉2

2
𝑉
3 𝑝𝑣
1
𝑉
3 𝑝𝑣
1
− 𝑉𝑝𝑣
3
2
− 𝑉𝑝𝑣
3
1
− 𝑉𝑝𝑣
3
1
𝑉
3 𝑝𝑣

𝑉𝑝𝑣

−𝑉𝑝𝑣

0

𝑉7

0

0

0

0

0

0

0

0

0

𝑉8

1

1

1

0

0

0

0

0

0

3.2

Synchronous Reference Frame Control for Three-Phase Systems
Synchronous reference frame control, known as dq control, utilizes the reference

frame transformation matrix named Park’s transformation to transform the grid currents
and voltages into a synchronous reference frame that rotates at the angular frequency 𝜔
of the grid [40].
Change of variables from the abc frame to qd0 frame is used in electric machine
analysis because it eliminates the time-varying inductances in the voltage equations [57].
However, Park’s transformation has been used widely in grid-connected inverter because
the control variables become DC values, thus facilitating the design of the controller [40].
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The change of variable from three-phase abc frame to qd0 synchronous frame
rotating at the angular frequency 𝜔 of the grid is represented as a trigonometric
relationship between the phase-voltages (or currents) projected to the qd-axis as can be
seen in Figure 3.4 [57].

Figure 3.4 dq0 transformation diagram
The angular frequency 𝜔 and the angular displacement θ are related by Eq. (3-13)
𝑡

𝜃 = ∫ 𝜔(𝜏) 𝑑𝜏 + 𝜃0
𝑡0

(3-13)

The d-axis component 𝑉𝑑 and q-axis component 𝑉𝑞 are given by Eq. (3-14) and Eq. (315) respectively
2𝜋
2𝜋
) + 𝑣𝑐 𝑐𝑜𝑠 (𝜃 + ))
3
3

(3-14)

2𝜋
2𝜋
) + 𝑣𝑐 𝑠𝑖𝑛 (𝜃 + )).
3
3

(3-15)

𝑉𝑑 = (𝑣𝑎 𝑐𝑜𝑠𝜃 + 𝑣𝑏 𝑐𝑜𝑠 (𝜃 −

𝑉𝑞 = (𝑣𝑎 𝑠𝑖𝑛𝜃 + 𝑣𝑏 𝑠𝑖𝑛 (𝜃 −

The representation of Eq. (3-14) and Eq. (3-15) in matrix form is as follows:
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𝑐𝑜𝑠𝜃

𝑉𝑑
2
[ 𝑉𝑞 ]= 3 𝑠𝑖𝑛𝜃
𝑉0
1
[ 2

𝑐𝑜𝑠 (𝜃 −

2𝜋

𝑠𝑖𝑛 (𝜃 −

2𝜋

1

) 𝑐𝑜𝑠 (𝜃 +
3

3

2𝜋

)

𝑣𝑎
𝑣
𝑠𝑖𝑛 (𝜃 + 3 ) [ 𝑏 ].
𝑣𝑐
1
]
2

)

2

3
2𝜋

(3-16)

Then, the Park’s transformation matrix 𝐾𝑠 ∈ ℝ3𝑥3 to transform the abc frame model to
the synchronous 𝑑𝑞0 frame rotating at the angular frequency of the grid is given by the
following equation [4]:

𝐾𝑠 =

𝑐𝑜𝑠𝜃

𝑐𝑜𝑠 (𝜃 −

2𝜋

𝑠𝑖𝑛𝜃

𝑠𝑖𝑛 (𝜃 −

2𝜋

2
3

[

1

1

2

2

)
3

3

)

𝑐𝑜𝑠 (𝜃 +
𝑠𝑖𝑛 (𝜃 +
1
2

2𝜋
3
2𝜋
3

)

).

(3-17)

]

The inverse matrix 𝐾𝑠 −1 is given by Eq. (3-18)
𝑐𝑜𝑠𝜃

𝐾𝑠 −1

𝑠𝑖𝑛𝜃
1
2𝜋
2𝜋
𝑐𝑜𝑠 (𝜃 − ) 𝑠𝑖𝑛 (𝜃 − ) 1
=
.
3
3
2𝜋
2𝜋
[𝑐𝑜𝑠 (𝜃 + 3 ) 𝑠𝑖𝑛 (𝜃 + 3 ) 1]

(3-18)

Thus, the general relationships to transform the abc frame to dq0 frame and vice versa
are:
𝐹𝑑
𝑓𝑎
[ 𝐹𝑞 ] = 𝐾𝑠 [𝑓𝑏 ]
𝐹0
𝑓𝑐

(3-19)

𝐹𝑑
𝑓𝑎
−1 𝐹
[𝑓𝑏 ] = 𝐾𝑠 [ 𝑞 ]
𝑓𝑐
𝐹0

(3-20)

[𝐹𝑑𝑞0 ] and [𝑓𝑎𝑏𝑐 ] stand for voltage or current in dq frame and abc frame respectively.
The model in abc frame, represented by equations (3-8) - (3-11), is time-variant and
nonlinear [4]. Then, as it was stated above, the 𝑑𝑞0 frame has been adopted in this work
because the control variables become DC values, therefore, facilitating the nonlinear
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control design. The abc model is transformed to the synchronous 𝑑𝑞0 frame utilizing the
Park’s transformation matrix given by (3-17). Then, writing equations (3-8) - (3-11) in
matrix form, the following expressions are obtained:
𝑣
𝑉𝑝𝑣 2 −1 −1 𝑑1
𝑑 𝑖𝑎
𝑅 𝑖𝑎
1 𝑔𝑎
[𝑖 𝑏 ] = − [𝑖 𝑏 ] +
[−1 2 −1] [𝑑2 ] − [𝑣𝑔𝑏 ]
𝑑𝑡 𝑖
𝐿 𝑖
3𝐿
𝐿 𝑣𝑔𝑐
−1 −1 2 𝑑3
𝑐
𝑐
𝐶

𝑑𝑉𝑝𝑣
= 𝐼𝑝𝑣 − [𝑑1
𝑑𝑡

𝑑2

𝑖𝑎
𝑑3 ] [𝑖𝑏 ].
𝑖𝑐

(3-21)

(3-22)

From Eq. (3-19), the equation of the current in dq0 frame is as follows:
𝐼𝑑
𝑖𝑎
[𝐼𝑞 ] = 𝐾𝑠 [𝑖𝑏 ].
𝑖𝑐
𝐼0

(3-23)

From Eq. (3-20), the transformation of the current from dq0 frame to abc frame is as
follows:
𝐼𝑑
𝑖𝑎
[𝑖𝑏 ] = 𝐾𝑠 −1 [ 𝐼𝑞 ].
(3-24)
𝑖𝑐
𝐼0
Taking the time derivative of Eq. (3-23) and then, substituting Eq. (3-24), the following
equation is obtained:
𝐼
𝐼𝑑
𝑑 𝑑
𝑑
𝑑 𝑖𝑎
−1
[𝐼𝑞 ] = ( 𝐾𝑠 ) 𝐾𝑠 [ 𝐼𝑞 ] + 𝐾𝑠 [𝑖𝑏 ].
𝑑𝑡
𝑑𝑡
𝑑𝑡 𝑖
𝐼0
𝐼0
𝑐

(3-25)

Multiplying Eq. (3-21) by the matrix 𝐾𝑠 ∈ ℝ3𝑥3 , Eq. (3-26) is obtained.
𝑖𝑎
2
𝑉𝑝𝑣
𝑑 𝑖𝑎
𝑅
𝐾𝑠 [𝑖𝑏 ] = − 𝐾𝑠 [𝑖𝑏 ] +
𝐾 [−1
𝑑𝑡 𝑖
𝐿
3𝐿 𝑠
𝑖
−1
𝑐
𝑐
𝑣𝑔𝑎
1
− 𝐾𝑠 [𝑣𝑔𝑏 ]
𝐿
𝑣𝑔𝑐
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−1
2
−1

−1 𝑑1
−1] [𝑑2 ]
2 𝑑3

(3-26)

Substituting Eq. (3-26) and the time derivative of Eq. (3-17) into Eq. (3-25), after some
mathematical work, the following equation is obtained:
𝑅
−
𝐼𝑑
𝐿
𝑑
[𝐼𝑞 ] =
𝑑𝑡
−𝜔
𝐼0
[ 0

𝜔
𝑅
𝐿
0

−

0 𝐼𝑑
𝑉𝑝𝑣 1
𝐼
[0
[ 𝑞] +
𝐿
0 𝐼
0
0
0]

0 0 𝑑𝑑
1 1
𝑑
1 0 ] [ 𝑞 ] − [0
𝐿
0 0 𝑑0
0

0
1
0

0 𝑉𝑔𝑑
0] [ 𝑉𝑔𝑞 ].
0 𝑉𝑔0

(3-27)

The voltage dynamics of the DC link capacitor is given by Eq. (3-22), then, the dq0
transformation of it is as follows:
𝑇

𝑑𝑑
𝐼𝑑
𝑑𝑉𝑝𝑣
−1
−1
𝐶
= 𝐼𝑝𝑣 − [𝐾𝑠 [𝑑𝑞 ]] 𝐾𝑠 [𝐼𝑞 ].
𝑑𝑡
0
0

(3-28)

Substituting Eq. (3-18) into Eq. (3-28), after some mathematical work, the expression that
represents the dynamics of the DC link capacitor in dq0 frame is:
𝐶

𝑑𝑉𝑝𝑣
𝑑𝑡

= 𝐼𝑝𝑣 − 𝑑𝑑 𝐼𝑑 − 𝑑𝑞 𝐼𝑞 .

(3-29)

From Eq. (3-27) and Eq. (3-29), the dynamic equations of the PV system model in dq0
frame in dot notation are as follows:
𝑅
𝑑𝑑
1
𝐼𝑑̇ = − 𝐼𝑑 + 𝜔𝐼𝑞 + 𝑉𝑝𝑣 − 𝑉𝑔𝑑
𝐿
𝐿
𝐿

(3-30)

𝑑𝑞
𝑅
1
𝐼𝑞 − 𝜔𝐼𝑑 + 𝑉𝑝𝑣 − 𝑉𝑔𝑞
𝐿
𝐿
𝐿

(3-31)

𝐼𝑞̇ = −

̇ =−
𝑉𝑝𝑣

𝑑𝑞
𝑑𝑑
1
𝐼𝑑 − 𝐼𝑞 + 𝐼𝑝𝑣 .
𝐶
𝐶
𝐶

(3-32)

where, 𝐼𝑑 and 𝐼𝑞 are the d-axis and q-axis current components of the three-phase output
current of the inverter, 𝑉𝑔𝑑 and 𝑉𝑔𝑞 are the d-axis and q-axis voltage components of the
phase-voltage of the grid, 𝑉𝑝𝑣 and 𝐼𝑝𝑣 are the voltage and current of the PV array
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respectively, 𝜔 is the angular frequency of the grid, and 𝑑𝑑 and 𝑑𝑞 are the control
functions of the inverter in qd0 frame. From Eq. (3-30) and Eq. (3-31), a cross-coupling
dependence of 𝐼𝑑 and 𝐼𝑞 currents are apparent. To decouple the active and reactive power
loops and facilitate the model analysis [40], the auxiliary control functions 𝑑𝑑′ and 𝑑𝑞′ are
defined as follows [7]:
𝑑𝑑′ = 𝑑𝑑 +

𝜔𝐿
𝐼
𝑉𝑝𝑣 𝑞

(3-33)

𝑑𝑞′ = 𝑑𝑞 −

𝜔𝐿
𝐼 .
𝑉𝑝𝑣 𝑑

(3-34)

Replacing the switching functions 𝑑𝑑 and 𝑑𝑞 of Eq. (3-33) and Eq. (3-34) respectively
into equations (3-30), (3-31), and (3-32), the new dynamic system equations to design the
nonlinear controller are obtained.
𝐿𝐼𝑑̇ = −𝑅𝐼𝑑 + 𝑑𝑑′ 𝑉𝑝𝑣 − 𝑉𝑔𝑑

(3-35)

𝐿𝐼𝑞̇ = −𝑅𝐼𝑞 + 𝑑𝑞′ 𝑉𝑝𝑣 − 𝑉𝑔𝑞

(3-36)

̇ = −𝑑𝑑′ 𝐼𝑑 − 𝑑𝑞′ 𝐼𝑞 + 𝐼𝑝𝑣 .
𝐶𝑉𝑝𝑣

(3-37)
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CHAPTER IV
4

CONTROL SYSTEM DEVELOPMENT OF THE THREE-PHASE
PHOTOVOLTAIC SYSTEM

PV systems are by nature nonlinear due to the nonlinear characteristics of the PV
array and the voltage dynamics of the DC link capacitor, which includes nonlinearities due
to the switching functions of the inverter. Since the nonlinear effects could be significant
in the dynamics of the PV system, in this work, it is proposed a nonlinear controller based
on Lyapunov analysis to control a three-phase PV system in a single-stage topology.
In this dissertation, a novel trajectory of the d-axis reference current taking into
account the voltage dynamics of the DC link capacitor is determined. The nonlinear
controller is designed to track the MPP operation of the PV array and to control the active
and reactive power to obtain unity power factor on the grid side. Thus, it is not necessary
the use of a DC-DC converter as is required in other works based on nonlinear control as
in [24] and [33]. The block diagram of the proposed controller is shown in Figure 4.1.

4.1

Control Design
The proposed controller should ensure that the d-axis inverter output current 𝐼𝑑 (𝑡)

tracks the d-axis reference current 𝐼𝑑𝑟𝑒𝑓 (𝑡), which novel trajectory is obtained online from
the voltage dynamics of the DC link capacitor, and that the q-axis current 𝐼𝑞 tracks the qaxis reference current 𝐼𝑞𝑟𝑒𝑓 obtained from the load requirement.
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Figure 4.1 Single-stage three-phase PV system with nonlinear controller
Therefore, the objective of the control scheme is to design the control signals
𝑑𝑑 (𝑡) and 𝑑𝑞 (𝑡) such that 𝐼𝑑 (𝑡) → 𝐼𝑑𝑟𝑒𝑓 (𝑡) and 𝐼𝑞 (𝑡) → 𝐼𝑞𝑟𝑒𝑓 (𝑡) as t → ∞, thus
controlling the active and the reactive power of the system to keep the unity power factor
on the grid side. Moreover, the PV system must operate at the maximum power point
while maintaining the other objectives. To achieve MPP operation, the control law must
also ensure that 𝑉𝑝𝑣 (𝑡) → 𝑉𝑟𝑒𝑓 (𝑡) as 𝑡 → ∞, where 𝑉𝑟𝑒𝑓 (𝑡) is the reference voltage
obtained from the INC algorithm.
To facilitate the control development, the following assumptions are considered:
Assumption 1. 𝑅, 𝐿, 𝐶 ∈ ℝ+ are known constant parameters of the system.
Assumption 2. The q-axis reference current 𝐼𝑞𝑟𝑒𝑓 (𝑡) is a known constant value; it is
̇
measurable and sufficiently differentiable. Thus, 𝐼𝑞𝑟𝑒𝑓 (𝑡) and 𝐼𝑞𝑟𝑒𝑓
(𝑡) are bounded.
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Assumption 3. The voltage of the grid is sinusoidal and symmetrical. Therefore, the d-axis
grid voltage is a known value, and q-axis grid voltage is zero.
Assumption 4. The reference voltage 𝑉𝑟𝑒𝑓 is measurable and sufficiently differentiable.
̇ (𝑡) are bounded.
Thus, 𝑉𝑟𝑒𝑓 (𝑡) and 𝑉𝑟𝑒𝑓
Assumption 5. 𝐼𝑝𝑣 (𝑡) is bounded on the condition that of the voltage 𝑉𝑝𝑣 (𝑡) is bounded.
To meet all the control objectives, the errors signals 𝑒𝑑 (𝑡), 𝑒𝑞 (𝑡), 𝑒𝑣 (𝑡) ∈ ℝ, are defined
as follows:
𝑒𝑑 ≜ 𝐼𝑑 − 𝐼𝑑𝑟𝑒𝑓

(4-1)

𝑒𝑞 ≜ 𝐼𝑞 − 𝐼𝑞𝑟𝑒𝑓

(4-2)

𝑒𝑣 ≜ 𝑉𝑝𝑣 − 𝑉𝑟𝑒𝑓 .

(4-3)

These signals will facilitate the subsequent analysis. Multiplying equations (4-1) and (4-2)
by the inductance L, and Eq. (4-3) by the capacitance C, and then, taking the time
derivative of those equations, the following equations are obtained:
̇
𝐿𝑒̇𝑑 = 𝐿𝐼𝑑̇ − 𝐿𝐼𝑑𝑟𝑒𝑓

(4-4)

̇
𝐿𝑒̇𝑞 = 𝐿𝐼𝑞̇ − 𝐿𝐼𝑞𝑟𝑒𝑓

(4-5)

̇ − 𝐶𝑉𝑟𝑒𝑓
̇ .
𝐶𝑒̇𝑣 = 𝐶𝑉𝑝𝑣

(4-6)

Substituting equations (3-35), (3-36), and (3-37) into equations (4-4), (4-5), and (4-6)
respectively, the open-loop error system is developed as follows:
̇
𝐿𝑒̇ 𝑑 = −𝑅𝐼𝑑 + 𝑑𝑑′ 𝑉𝑝𝑣 − 𝐿𝑉𝑔𝑑 − 𝐿𝐼𝑑𝑟𝑒𝑓
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(4-7)

̇
𝐿𝑒̇ 𝑞 = −𝑅𝐼𝑞 + 𝑑𝑞′ 𝑉𝑝𝑣 − 𝐿𝐼𝑞𝑟𝑒𝑓
̇ .
𝐶 𝑒𝑣̇ = −𝑑𝑑′ 𝐼𝑑 − 𝑑𝑞′ 𝐼𝑞 + 𝐼𝑝𝑣 − 𝐶𝑉𝑟𝑒𝑓

(4-8)
(4-9)

To guarantee that the error signals 𝑒𝑑 (𝑡) and 𝑒𝑞 (𝑡) → 0 as 𝑡 → ∞, the current closed loop
error signals are chosen as:
𝐿𝑒̇𝑑 = −𝐾1 𝑒𝑑

(4-10)

𝐿 𝑒𝑞̇ = −𝐾2 𝑒𝑞

(4-11)

where 𝐾1 , 𝐾2 are positive constant control gains.
Then, from Eq. (4-7) and Eq. (4-8) along with Eq. (4-10) and Eq. (4-11), the control
functions 𝑑𝑑′ and 𝑑𝑞′ are designed as follows:

4.2

𝑑𝑑′ =

1
̇
(−𝐾1 𝑒𝑑 + 𝑅𝐼𝑑 + 𝑉𝑔𝑑 + 𝐿𝐼𝑑𝑟𝑒𝑓
)
𝑉𝑝𝑣

(4-12)

𝑑𝑞′ =

1
̇
(−𝐾2 𝑒𝑞 + 𝑅𝐼𝑞 + 𝐿𝐼𝑞𝑟𝑒𝑓
).
𝑉𝑝𝑣

(4-13)

Design of the d-Axis Reference Current Trajectory
For three-phase grid-connected PV systems based on nonlinear control, some works

obtain the reference current through a DC-DC converter as in [24] and [33], thus using
the two-stage scheme. For a single-stage scheme, the reference current is directly
obtained from the MPPT algorithm without taking into account the voltage dynamics of
the DC link capacitor as in [39]. The voltage dynamics of the DC link capacitor and the
switching functions of the inverter could affect the dynamics of the PV system under
sudden changes of the atmospheric conditions or any perturbation as a quick change of
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the load. Failing to consider the voltage dynamics of the DC link capacitor and the
switching functions of the inverter could lead to oscillation of the DC link voltage or
injection of non-sinusoidal current into the grid, therefore affecting the efficiency and the
power quality.
In this work, the design of the d-axis reference current trajectory is developed using
the dynamics of the DC link capacitor given by Eq. (3-37). It can be seen that the control
signal, given by Eq. (4-12), depends on the time derivative of the d-axis reference
current. Then, substituting Eq. (4-12) and Eq. (4-13) into Eq. (4-9), equation (4-14) is
obtained.

𝐶𝑒̇𝑣 = −

𝐼𝑞
𝐼𝑑
̇
̇
(−𝐾1 𝑒𝑑 + 𝑅𝐼𝑑 + 𝑉𝑔𝑑 + 𝐿𝐼𝑑𝑟𝑒𝑓
)−
(−𝐾2 𝑒𝑞 + 𝑅𝐼𝑞 + 𝐿𝐼𝑞𝑟𝑒𝑓
)
𝑉𝑝𝑣
𝑉𝑝𝑣

(4-14)

̇
+𝐼𝑝𝑣 − C𝑉𝑟𝑒𝑓
To guarantee that the error signal 𝑒𝑣 → 0 as 𝑡 → ∞ the voltage closed loop error signal is
chosen as:
𝐶 𝑒𝑣̇ = −𝐾3 𝑒𝑣

(4-15)

where 𝐾3 is a positive constant control gain. Substituting the closed-loop error signal given
by Eq. (4-15) into Eq. (4-14), after some mathematical work, the differential equation
̇
𝐼𝑑𝑟𝑒𝑓
to obtain the trajectory of 𝐼𝑑𝑟𝑒𝑓 is designed as:
̇
𝐼𝑑𝑟𝑒𝑓
=

𝐼
𝐾2 𝐼𝑞 𝐾3 𝑉𝑝𝑣 1 𝑉𝑝𝑣 𝐼𝑝𝑣 𝐶 𝑉𝑝𝑣
𝑅 𝐼𝑞2
̇ − 𝑞 𝐼𝑞𝑟𝑒𝑓
̇
𝑒𝑞 + 𝑒𝑣
+
−
𝑉𝑟𝑒𝑓
−
+
𝐿
𝐼𝑑 𝐿
𝐼𝑑 𝐿 𝐼𝑑
𝐿 𝐼𝑑
𝐼𝑑
𝐿 𝐼𝑑
𝐾1
𝑅
1
𝑒𝑑 − 𝐼𝑑 − 𝑉𝑔𝑑 .
𝐿
𝐿
𝐿
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(4-16)

4.3

Stability Analysis
A common and general approach for studying the stability of nonlinear control

systems is the Lyapunov stability theory. Useful properties and the mathematical analysis
in the related field can be found in reference books as in [51]-[53]. In this dissertation, it
will be shown that the origin holds exponential stability, which is the strongest form of
stability [52]. It is important to emphasize that exponential stability implies asymptotic
stability. However, asymptotic stability does not guarantee exponential stability [51].
To prove the stability of the proposed controller, the following theorem is stated:
Theorem 1: Using the closed loop error system given by equations (4-10), (4-11), and (415), the error signals defined by equations (4-1), (4-2), and (4-3) are exponentially
regulated as follows:
𝑒𝑑 (𝑡), 𝑒𝑞 (𝑡), 𝑒𝑣 (𝑡) → 0 𝑎𝑠 𝑡 → ∞

(4-17)

According to Definition 3.5 of [51], it will be shown that:
𝜆𝑍𝑚𝑎𝑥 1/2
‖𝑥(𝑡)‖ ≤ ‖𝑥0 ‖ (
) 𝑒𝑥𝑝−𝛾𝑡
𝜆𝑍𝑚𝑖𝑛
where 𝑥(𝑡) = [𝑒𝑑 (𝑡)

𝑒𝑞 (𝑡)

𝑒𝑣 (𝑡)]𝑇 , ‖𝑥 ‖ = (𝑒𝑑2 + 𝑒𝑞2 + 𝑒𝑣2 )

(4-18)
1⁄
2

𝜆

, 𝛾 = 𝜆 𝐾𝑚𝑖𝑛 known
𝑍𝑚𝑎𝑥

as rate of exponential convergence [51].
𝜆𝑍𝑚𝑎𝑥 and 𝜆𝑍𝑚𝑖𝑛 are the maximum and minimum eigenvalues of matrix Z .
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𝐿
𝑍 = [0
0

0 0
𝐿 0]
0 𝐶

𝜆𝐾𝑚𝑎𝑥 and 𝜆𝐾𝑚𝑖𝑛 are the maximum and minimum eigenvalues of matrix K
𝐾1
𝐾 =[0
0

0
𝐾2
0

0
0]
𝐾3

Proof: Choosing a positive definite Lyapunov function candidate as:
1

1

1

𝑉1 (𝑥) = 2 𝐿𝑒𝑑2 + 2 𝐿𝑒𝑞2 + 2 𝐶𝑒𝑣2

(4-19)

𝑉1 (𝑥) can be written in matrix form as:
1

𝑉1 (𝑥 ) = 2 [𝑒𝑑

𝑒𝑞

𝐿
𝑒𝑣 ] [0
0

0
𝐿
0

0 𝑒𝑑
1
0 ] [𝑒𝑞 ] = 2 𝑥 𝑇 𝑍𝑥
𝐶 𝑒𝑣

(4-20)

From Definition 2.11 of [52], the symmetric matrix Z is positive definite; therefore the
eigenvalues of the matrix Z are real and positive. The eigenvalues of the matrix Z are:
𝜆1 = 𝐿, 𝜆2 = 𝐿, 𝜆3 = 𝐶. The values of L and C utilized in this design are: 𝐶 = 𝜆𝑍𝑚𝑎𝑥 =
0.0022 and 𝐿 = 𝜆𝑍𝑚𝑖𝑛 = 0.002.
Utilizing Theorem 2.5 (Rayleigh Theorem) stated in [52], for any 𝑥𝜖ℝ𝑛 , the following
inequality is true for 𝑉1 (𝑥 ).
1
1
𝜆𝑍𝑚𝑖𝑛 ‖𝑥 ‖2 ≤ 𝑉1 (𝑥 ) ≤ 𝜆𝑍𝑚𝑎𝑥 ‖𝑥 ‖2
2
2

(4-21)

Taking the time derivative of Eq. (4-19) the following equation is obtained:
𝑉1̇ = 𝐿𝑒𝑑 𝑒̇𝑑 + 𝐿𝑒𝑞 𝑒̇𝑞 + 𝐶𝑒𝑣 𝑒̇𝑣 .

(4-22)

To guarantee that the error signals 𝑒𝑑 , 𝑒𝑞 , and 𝑒𝑣 → 0 as 𝑡 → ∞ the closed loop error
signals were defined by (4-10), (4-11), and (4-15). Then, substituting these equations into
(4-22), the equation (4-23) is obtained:
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𝑉1̇ = −𝐾1 𝑒𝑑2 − 𝐾2 𝑒𝑞2 − 𝐾3 𝑒𝑣2

(4-23)

Since the control gains 𝐾1 , 𝐾2 , 𝐾3 ∈ ℝ+ , it is clear that 𝑉1̇ is negative definite function.
Writing Eq. (4-23) in matrix form, it is expressed as follows:
𝑉1̇ = −[𝑒𝑑

𝑒𝑞

𝑒𝑑
𝑒𝑣 ]𝐾 [𝑒𝑞 ] = −𝑥 𝑇 𝐾𝑥
𝑒𝑣

(4-24)

Then, applying the Rayleigh Theorem to the matrix K of Eq. (4-24), 𝑉1̇ can be upper
bounded as follows:
(4-25)

𝑉1̇ ≤ −𝜆𝐾𝑚𝑖𝑛 ‖𝑥 ‖2
From (4-21), the square norm is:
‖𝑥 ‖2 ≥

2𝑉1

(4-26)

𝜆𝑍𝑚𝑎𝑥

Then, substituting Eq. (4-26) into Eq. (4-25), 𝑉1̇ is upper bounded as follows:
𝑉1̇ ≤ −𝜆𝐾𝑚𝑖𝑛

2𝑉1

(4-27)

𝜆𝑍𝑚𝑎𝑥

Hence, Eq. (4-27) can be written as:
𝑉1̇ ≤ −2𝛾𝑉1

(4-28)

Solving the differential equation given by Eq. (4-28), the Eq. (4-29) is obtained:
𝑉1 (𝑥 ) ≤ 𝑉1 (𝑥0 )𝑒𝑥𝑝−2𝛾𝑡

(4-29)

Taking the left-hand side term of (4-21), ‖𝑥 ‖ can be written as follows:
2𝑉1 1/2
‖𝑥 ‖ ≤ (
)
𝜆𝑍𝑚𝑖𝑛

(4-30)

Substituting (4-29) into (4-30), the following equation is obtained:
1/2

2𝑉1 (𝑥0 )𝑒𝑥𝑝−2𝛾𝑡
‖x‖ ≤ (
)
𝜆𝑍𝑚𝑖𝑛
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(4-31)

Applying for 𝑥0 the right-hand side of the inequality given by (4-21), the Eq. (4-32) is
obtained:
1
𝑉1 (𝑥0 ) ≤ 𝜆𝑍𝑚𝑎𝑥 ‖𝑥0 ‖2
2

(4-32)

Substituting (4-32) into (4-31) the following inequality is obtained:

where 𝜆𝑍𝑚𝑎𝑥

𝜆𝑍𝑚𝑎𝑥 1/2
(4-33)
‖𝑥(𝑡)‖ ≤ ‖𝑥0 ‖ (
) 𝑒𝑥𝑝−𝛾𝑡
𝜆𝑍𝑚𝑖𝑛
= 0.0022 , 𝜆𝑍𝑚𝑖𝑛 = 0.002. The values of the matrix K obtained for this

design are: 𝐾1 = 296, 𝐾2 = 494, 𝐾3 = 44. Then, 𝜆𝐾𝑚𝑎𝑥 = 494, 𝜆𝐾𝑚𝑖𝑛 = 44, and
𝜆

𝛾 = 𝜆 𝐾𝑚𝑖𝑛 = 20000. Thus, given by Eq. (4-33) the origin (𝑒𝑑 (𝑡), 𝑒𝑞 (𝑡), 𝑒𝑣 (𝑡)) = (0,0,0)
𝑍𝑚𝑎𝑥

is exponential stable.
From Eq. (4-19) and (4-23), it is clear that 𝑒𝑑 (𝑡), 𝑒𝑞 (𝑡), and 𝑒𝑣 (𝑡) are square integrable
and bounded. To show that all the signals of the closed loop system are bounded the
assumptions given in section 4.1 are considered. From Assumption 4, 𝑉𝑟𝑒𝑓 is bounded,
then from Eq. (4-3) it is shown that 𝑉𝑝𝑣 is bounded. Thus, from Assumption 5 𝐼𝑝𝑣 is
bounded. From Assumption 3 and knowing that 𝑉𝑝𝑣 and 𝐼𝑝𝑣 are shown to be bounded,
from the fact that in steady state the PV power is equal to the grid power according to the
power balance relationship, then 𝐼𝑑 is bounded. Therefore, from Eq. (4-1) along with the
above boundedness statements, 𝐼𝑑𝑟𝑒𝑓 is bounded. From Assumption 2 and knowing that
𝑒𝑞 (𝑡) is bounded, Eq. (4-2) is used to show that the current 𝐼𝑞 is bounded. From
̇
Assumption 2 𝐼𝑞𝑟𝑒𝑓
is bounded. From Assumption 2, Assumption 3, and Assumption 4
̇
along with the above boundedness statements, Eq. (4-16) is utilized to show that 𝐼𝑑𝑟𝑒𝑓
is
bounded. Using the above boundedness statements, from Eq. (4-12) and Eq. (4-13) it can
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be demonstrated that 𝑑𝑑′ and 𝑑𝑞′ are bounded. Similarly, based on the above boundedness
̇ are
statements, from equations (3-35), (3-36), and (3-37) it is shown that 𝐼𝑑̇ , 𝐼𝑞̇ , and 𝑉𝑝𝑣
bounded. Finally, from Assumption 4 along with the above boundedness statements,
equations (4-7), (4-8), and (4-9) are utilized to show that 𝑒̇𝑑 , 𝑒̇𝑞 , and 𝑒̇𝑣 are bounded.
Thus, completing the proof of the theorem.

4.4

Simulation Results of the Three-Phase PV System
The Matlab/Simulink package with Simscape Power System was used to model the

circuit dynamics of the PV system and the control scheme. Then, a numerical simulation
was performed to validate the control design. The parameters utilized for the PV system
including the control gains are summarized in Table 4.1.

Table 4.1 System Parameters of the Three-Phase PV System
Parameter

Value

Units

Parameter

Value

Units

𝑅

0.1

Ω

𝐾1

296

−

𝐿

2

𝑚𝐻

𝐾2

494

−

𝐶

2200

𝜇𝐹

𝐾3

44

−

𝑓𝑠𝑤

12

𝐾ℎ𝑧

𝑉𝑔

127

V(rms)

𝑓

60

𝐻𝑧

𝑣𝑠𝑡𝑒𝑝

5𝑒 −3

𝑉

𝑓𝑠𝑤 is the switching frequency and 𝑣𝑠𝑡𝑒𝑝 is the voltage step of the MPPT algorithm.

The values of the control gains 𝐾1 , 𝐾2 , and 𝐾3 were obtained by a trial-error method
until it was achieved the desired error signals. For the simulation, it was utilized the
Sunpreme SNPM-F60-02-185 PV module available in the SimPower library of the
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Matlab/Simulink package. The parameters of the PV module are summarized in Table
4.2.
Table 4.2 Photovoltaic Module Parameters
Module Sunpreme SNPM-F60-02-185
Maximum Power (185.22 W)

Cells per module (60)

Open circuit voltage Voc

36.9 V

Short circuit current Isc

7A

Voltage MPP

29.4 V

Current MPP

6.3

Parallel string

13

Series strings

17

Vmax at 25 ℃

499.8 V

Imax at 25 ℃

81.9 A

Pmax at 25 ℃ and 1000 𝑊 ⁄𝑚2

40.94 KW

Pmax at 25 ℃ and 800 𝑊 ⁄𝑚2

33.03KW

Pmax at 25 ℃ and 600 𝑊 ⁄𝑚2

24.91 KW

First, to evaluate the performance of the control scheme under various atmospheric
conditions, a constant temperature of 25𝑜 𝐶 was set and the irradiance was changed in
steps from 0 to 600 to 800, to 1000 and finally back to 800 𝑊⁄𝑚2 at t= 0, 0.2, 0.4, and
0.6 seconds respectively. The irradiance changes are shown in Figure 4.2. Figure 4.3
shows the steady state and dynamics response of the PV power to variations of the
irradiance. The steady state power values are close to the ideal maximum values given in
Table 4.2. The deviation of the mean power related to the maximum values is about 0.01
% at 600 𝑊 ⁄𝑚2 , 0.05% at 800 𝑊 ⁄𝑚2

and 0.07% at 1000 𝑊 ⁄𝑚2 . These small
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percentages of power deviation validate the use of the incremental conductance algorithm
to get the reference voltage and therefore the maximum power.

Figure 4.2 Irradiance for various atmospheric conditions

Figure 4.3 PV array power and ideal maximum power
The tracking errors signals 𝑒𝑑 (𝑡),𝑒𝑞 (𝑡), and 𝑒𝑣 (𝑡) are shown in Figures 4.4 a), b) and c)
respectively. These figures show that the tracking errors are approximately regulated to
zero, hence validating the analysis.
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a)

b)

c)
Figure 4.4 Tracking errors: a) 𝑒𝑑 (𝑡), b) 𝑒𝑞 (𝑡), and c) 𝑒𝑣 (𝑡)
Figure 4.5 shows the d-axis and q-axis currents both with their respective reference
currents. It is clear that the current 𝐼𝑑 (𝑡) follows the reference current 𝐼𝑑𝑟𝑒𝑓 (𝑡), which
trajectory was obtained using Eq. (4-16). The current 𝐼𝑞 (𝑡) follows the reference current
𝐼𝑞𝑟𝑒𝑓 (𝑡), which is equal to the reactive current required by the load. In this case, it was
assumed that there is no load connected to the point of common coupling; therefore
𝐼𝑞𝑟𝑒𝑓 (𝑡) is zero.
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Figure 4.5 𝐼𝑑 (𝑡) and 𝐼𝑞 (𝑡) currents with 𝐼𝑑𝑟𝑒𝑓 (𝑡) and 𝐼𝑞𝑟𝑒𝑓 (𝑡) reference currents
Figure 4.6 shows the reference voltage 𝑉𝑟𝑒𝑓 (𝑡), obtained from the INC algorithm, and the
voltage of the PV array 𝑉𝑝𝑣 (𝑡). It can be seen that the voltage of the PV array follows the
reference voltage and it is kept steady despite the sudden change of the irradiance.

Figure 4.6 Reference voltage 𝑉𝑟𝑒𝑓 (𝑡) and PV array voltage 𝑉𝑝𝑣 (𝑡)
Figure 4.7 shows the active and reactive power injected into the grid for different values
of irradiance. It can be seen that the reactive power supplied to the grid is zero, as it was
desired. Figure 4.8 shows the phase-voltage and the phase-current of the grid. Figure 4.9
shows a zoom-in version of Figure 4.8 where it can be seen that both the voltage and the
current are sinusoidal and in phase.
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Figure 4.7 Active and reactive power injected to the grid

Figure 4.8 Grid phase-voltage and phase-current

Figure 4.9 Grid voltage and current response to changes of irradiance at t= 0.4 s.
Additionally, Figure 4.9 shows the transient behavior of the grid current when the
irradiance changes from 800 𝑊 ⁄𝑚2 to 1000 𝑊 ⁄𝑚2 at t= 0.4 seconds. The transient
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time to get the new steady state and therefore the synchronism between the phase-voltage
and current is approximately less than two cycles, thus showing the robustness of the
proposed nonlinear closed loop controller. Furthermore, Figure 4.10 shows the threephase currents of the grid, which are sinusoidal and they are in phase with the
corresponding three-phase voltages. Thus, demonstrating that the power factor on the
grid side is unity, as it was desired.

Figure 4.10 Three-phase grid voltage and current at 800 𝑊 ⁄𝑚2

Figure 4.11 shows the harmonic components of the grid current when the irradiance is
600 𝑊⁄𝑚2 . It shows that the values of harmonic components of the current are less than
0.1%, with a total harmonic distortion (THD) of about 1.09 %.
Second, at irradiance of 600 𝑊 ⁄𝑚2 , an R-L load of 15 KW, 15 KVar was
connected to the point of common coupling at t = 0.2 seconds to see the performance of
the controller on compensating the reactive power and therefore to obtain unity power
factor on the grid side.
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Figure 4.11 Grid current harmonic components at 600 𝑊 ⁄𝑚2
Figures 4.12 and 4.13 show the active and reactive power of the PV system respectively.
When the load is connected at t =0.2 seconds, it can be seen in Figure 4.12 that the
inverter is supplying the active power required by the load and the remaining of active
power is supplied to the grid. Figure 4.13 shows that the reactive power; required by the
load, is supplied by the inverter. Thus, the reactive power on the grid side is approximately
zero. Figure 4.14 shows the voltage and the current of the load. It can be seen that the load
current is lagging an angle of about 45 degrees after the load is connected as it was
expected.

Figure 4.12 Active power of the PV system with R-L load
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Figure 4.13 Reactive power of the PV system with R-L load

Figure 4.14 Load voltage and current
Figure 4.15 shows the grid voltage and current. It shows that the voltage and current are
sinusoidal and in phase, showing that the inverter is supplying the reactive power required
by the load and therefore the power factor on the grid side is the unity as it was desired.
Moreover, it can be seen that the transient time is less than two cycles to reach the new
steady state after the change of load, thus, showing the robustness of the proposed
nonlinear controller to fast changes of the load. The total harmonic distortion of the grid
current, when an R-L load of about 60% the maximum power at 600 𝑊 ⁄𝑚2 is connected
to the point of common coupling, is approximately 2.87%, as it can be seen in Fig. 4.16.
The THD of the current is less than 5% , which fulfills the IEEE-519 standard.
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Figure 4.15 Grid voltage and current with a load connected at t=0.2 s.

Figure 4.16 Grid current harmonic components with R-L load at 600 𝑊 ⁄𝑚2
Finally, the controller reported by [39] was simulated for the same atmospheric
conditions utilized in this work without load to see the performance of the proposed
controller compared with an existing controller. In [39] are not considered the voltage
dynamics of the DC link capacitor to obtain the reference current, and there is not control
of the reactive power. From the obtained results, in Figure 4.17 can be seen that the
proposed controller shows better performance related to voltage overshoot, stabilization
time and steady state of the voltage generated by the PV array. As the PV voltage is the
input voltage of the DC-AC converter utilized to transfer power to the grid, the quality of
the voltage influences directly on the efficiency and power quality.
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b)

a)

Figure 4.17 Photovoltaic voltage a) existing controller b) proposed controller
Figure 4.18 shows the power generated by the PV array. It can be seen from Figure
4.18a) that the PV power of the existing controller is more oscillatory than the proposed
controller. Thus, the grid current of the existing controller is not a pure sine wave as can
be seen in Figure 4.19. A zoom-in version of Figure 4.19 with a time range from 0.35
seconds to 0.45 seconds is shown in Figure 4.20. In this figure, it is clear that the grid
current of the existing controller is not pure sine wave.

b)

a)

Figure 4.18 Photovoltaic power a) existing controller b) proposed controller

49

b)

a)

Figure 4.19 Grid voltage and current a) existing controller b) proposed controller

a)

b)

Figure 4.20 Grid voltage and current a) existing controller b) proposed controller. Time
range from (0.35, 0.45 seconds)

Although the THD of the current obtained from the existing controller meets with the
IEEE 519 standard, the harmonic content of the current is bigger than the harmonic
content of the proposed controller. The values of the total harmonic distortion of the
current for both controllers are presented in Table 4.3 for various atmospheric conditions.

50

Table 4.3 Total Harmonic Distortion Comparison Results
Existing Controller [39]
Irradiance

THD (%)

Grid Current

(𝑊⁄𝑚2 )

Proposed Controller
THD (%)

Grid Current

(A rms)

(A rms)

1000

1.86

98.4

0.65

99.30

800

1.97

81.07

0.82

81.25

600

2.85

62.1

1.09

62.16

Filter

3mH

2mH

22%

2%

≈3 to 6 cycles

≈2cycles

Inductance
Maximum
overshoot
Settle time

Thus, the proposed controller performs well showing better working characteristics as
voltage overshoot, stabilization time and steady state of the voltage generated by the PV
array. Moreover, the proposed controller showed better power quality with low total
harmonic distortion of the grid current.
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CHAPTER V
5

SINGLE-STAGE SINGLE-PHASE GRID-CONNECTED PHOTOVOLTAIC
SYSTEMS
Nowadays, due to the high-scale penetration of single-phase PV systems for

residential applications, single-phase grid-connected photovoltaic systems have attracted
the attention of researchers to control the active and reactive power with MPPT. Different
approaches for single-stage and two-stage configurations applying conventional linear
control techniques such as PI controllers, Proportional Resonant controllers, Hysteresis
controllers, Fuzzy controllers, and Predictive controllers have been reported in [9]-[15].
Two-stage power conversion is currently the most common approach utilized to convert
the DC current generated by the PV array into AC current through a DC-DC converter.
However, from the point of view of efficiency, reliability, and cost, it is clear that the twostage topology is not a good option especially for low voltage applications [9].
To date, only a few studies have been presented applying nonlinear control
techniques for single-stage single-phase (SSSP) PV systems to transfer maximum power
to the grid with unity power factor as in [31] and [35]. However, the major drawback of
the single-phase voltage source inverter utilized in PV systems is the AC component of
double line frequency on the DC bus, which causes deviation of the PV voltage away from
the voltage at maximum power point (Vmpp) therefore, an increase in power losses [43].
The advantages related to the efficiency of the single-stage approach for single-phase
systems [43] may not be significant due to the double line frequency current ripple that the
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inverter tends to draw in single-phase PV systems. Then, in this work, first, it is proposed
a novel approach to mitigate the current ripple without the necessity of a DC-DC power
converter based on the studies presented by [44]. Second, using the general structure for
synchronous dq0 reference frame, configuration widely utilized in three-phase systems,
the nonlinear control strategy proposed for three-phase systems in Chapter IV, is applied
to the SSSP grid-connected PV systems. The controller is designed to achieve maximum
power point operation regardless of atmospheric conditions and to control the active and
reactive power flow to the grid. The d-axis current tracks the reference current 𝐼𝑑𝑟𝑒𝑓 ,
which novel trajectory is obtained online, taking into account the voltage dynamics of the
DC link capacitor and the second harmonic current ripple. The q-axis current tracks the
reference current 𝐼𝑞𝑟𝑒𝑓 obtained from the load requirements to guarantee unity power
factor on the grid side as is required by current grid standard for low-power (e.g., several
kilowatts) single-phase PV systems [42].

5.1

System Model
The full-bridge inverter topology has been widely adopted for single-phase PV

systems [58]. The conventional full-bridge single-phase topology shows some features
such as simple circuit structure, low cost, efficiency, and low leakage current if it is
operated with bipolar SPWM [59]. For that, in this work, an SSSP grid-connected
photovoltaic SPWM inverter; as shown in Figure 5.1, is utilized to control the active and
the reactive power with maximum power point tracking.
From Figure 5.1, the differential equations that describe the dynamics of the singlephase model are as follows:
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Figure 5.1 Single-stage single-phase grid-connected PV inverter
𝐿

𝑑𝑖𝑎
= 𝑣𝑎𝑛 − 𝑅𝑖𝑎 − 𝑣𝑔𝑎
𝑑𝑡

(5-1)

𝐶

𝑑𝑉𝑝𝑣
= 𝐼𝑝𝑣 − 𝐼𝑖𝑛
𝑑𝑡

(5-2)

where 𝑅 and 𝐿 are the series equivalent resistance and inductance of the output filter and
the grid impedance respectively, 𝐶 is the capacitance of the input filter of the inverter,
𝑣𝑔𝑎 is the phase to neutral voltage of the grid, 𝑖𝑎 is the output current of the inverter, 𝐼𝑖𝑛 is
the input current to the inverter, and 𝐼𝑝𝑣 is the current of the PV array.

5.2

Current Ripple Mitigation
In this work, in a single-stage configuration, it is proposed a novel method to

mitigate the second harmonic current ripple of the PV array without the necessity of an
additional power stage. For that, the estimated current ripple 𝐼𝑟 is considered on the
voltage dynamics of the DC link capacitor to model a single-stage PV system, beyond
choosing an appropriate capacitor value. The estimated current ripple is subtracted from
the current of the PV as is shown in Eq. (5-3).
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𝐶

𝑑𝑉𝑝𝑣
= 𝐼𝑝𝑣 − 𝐼𝑖𝑛 − 𝐼𝑟.
𝑑𝑡

(5-3)

The estimated current ripple is obtained assuming that the power factor on the grid side is
unity. Then, neglecting the stored energy of the filter inductor, the instantaneous power
𝑝𝑎𝑐 flowing through the inverter is as follows [44].
𝑝𝑎𝑐 = 𝑉𝑔𝑚 𝐼𝑎𝑚 𝑠𝑖𝑛2 𝜔𝑡

(5-4)

where 𝑉𝑔𝑚 is the peak voltage of the grid, 𝐼𝑎𝑚 is the peak output current of the inverter,
and 𝜔 is the angular frequency of the grid. Eq. (5-4) can be written as follows:
𝑝𝑎𝑐 =

𝑉𝑔𝑚 𝐼𝑎𝑚
(1 − 𝑐𝑜𝑠2𝜔𝑡).
2

(5-5)

The instantaneous power (𝑝𝑑𝑐 ) on the DC side of the inverter is:
𝑝𝑑𝑐 = 𝑉𝑝𝑣 𝐼𝑖𝑛 .

(5-6)

From the power balance relationship and assuming that the converter is lossless,
𝑝𝑑𝑐 = 𝑝𝑎𝑐 .

(5-7)

Replacing Eq. (5-5) and Eq. (5-6) into Eq. (5-7), the following equation is obtained.
𝑉𝑝𝑣 𝐼𝑖𝑛 =

𝑉𝑔𝑚 𝐼𝑎𝑚 𝑉𝑔𝑚 𝐼𝑎𝑚
−
𝑐𝑜𝑠2𝜔𝑡
2
2

(5-8)

From Eq. (5-8), it can be seen that the power of the PV array has a DC power component
and an AC power component of double line-frequency. Therefore, from the AC
component of Eq. (5-8), the estimated current ripple component 𝐼𝑟 is as follows:
𝐼𝑟 = −

𝑉𝑔𝑚 𝐼𝑎𝑚
𝑐𝑜𝑠2𝜔𝑡
2𝑉𝑝𝑣
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(5-9)

5.3

Single-Phase Voltage Source Inverter PV Model in αβ Frame
The switching functions of a single-phase inverter introduce nonlinearities and

discontinuities in the converter operation. As it was mentioned in Section 3.2 of this
work, the controller can be designed and easily implemented in the synchronously
rotating dq0 frame because the control variables become DC values. The dq0
transformation, well known for three-phase systems, is utilized for the proposed singlephase system topology. However, the dq transformation is not straightforward for singlephase systems. In this work, it is adopted the basis of the dq transformation presented by
[46].
Firstly, before doing the dq transformation, the technique is to generate a fictitious
component (β component) with a phase shift of 90 degrees with respect to the original
signal. The β component orthogonal to the original signal is created utilizing the phase
delay of 1⁄4 the phase of the original signal (α component).
Assuming that the voltage of the grid is sinusoidal and symmetrical, and the grid
frequency is much lower than the switching frequency [4], from Eq. (5-1) and Eq. (5-3),
the equations that represent the PV system in αβ frame are as follows:

𝐶

𝐿

𝑑𝐼𝛼
= −𝑅𝐼𝛼 + 𝑑𝛼 𝑉𝑝𝑣 − 𝑉𝑔𝛼
𝑑𝑡

(5-10)

𝐿

𝑑𝐼𝛽
= −𝑅𝐼𝛽 + 𝑑𝛽 𝑉𝑝𝑣 − 𝑉𝑔𝛽
𝑑𝑡

(5-11)

𝑑𝑉𝑝𝑣
= 𝐼𝑝𝑣 − (𝑑𝛼 𝐼𝛼 + 𝑑𝛽 𝐼𝛽 ) − (𝐼𝑟𝛼 + 𝐼𝑟𝛽 )
𝑑𝑡

(5-12)

where 𝐼𝛼 and 𝐼𝛽 are the α and β components of the output current of the inverter
respectively, 𝑑𝛼 and 𝑑𝛽 are the control functions of the inverter in αβ frame, 𝑉𝑔𝛼 and 𝑉𝑔𝛽
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are the α and β components of the grid voltage respectively, 𝑉𝑝𝑣 and 𝐼𝑝𝑣 are the voltage
and current of the PV array, 𝐼𝑟𝛼 and 𝐼𝑟𝛽 are the αβ components of the second harmonic
current ripple. From Eq. (5-9), the αβ components of the second harmonic current ripple
are given by the following equations:

5.4

𝐼𝑟𝛼 = −

𝑉𝑔𝑚 𝐼𝑎𝑚
𝑐𝑜𝑠2𝜔𝑡
2𝑉𝑝𝑣

(5-13)

𝐼𝑟𝛽 = −

𝑉𝑔𝑚 𝐼𝑎𝑚
𝑠𝑖𝑛2𝜔𝑡
2𝑉𝑝𝑣

(5-14)

Single-Phase Voltage Source Inverter PV Model in dq Frame

5.4.1 dq Transformation of Single-Phase Systems
Once, the two orthogonal αβ components (Clarke components) are obtained, it is
possible to represent the model of the single-phase PV system in dq reference frame
rotating at the angular frequency 𝜔 of the grid applying the transformation matrix 𝑇,
which is obtained from Figure 5.2 using trigonometric relationships [57].

Figure 5.2 αβ and dq components relationship
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Then, the d-axis and q-axis components are given by the following equations:
𝑉𝑑 = 𝑣𝛼 𝑐𝑜𝑠𝜃 + 𝑣𝛽 𝑠𝑖𝑛𝜃

(5-15)

𝑉𝑞 = −𝑣𝛼 𝑠𝑖𝑛𝜃 + 𝑣𝛽 𝑐𝑜𝑠𝜃.

(5-16)

From Eq. (5-15) and Eq. (5-16), transformation matrix 𝑇 ∈ ℝ2𝑥2 is given by the
following expression [46]
𝑐𝑜𝑠𝜃
𝑇=[
−𝑠𝑖𝑛𝜃

𝑠𝑖𝑛𝜃
]
𝑐𝑜𝑠𝜃

(5-17)

where the displacement angle 𝜃 is given by Eq. (3-13). The inverse of the transformation
matrix is as follows:
𝑐𝑜𝑠𝜃
𝑇 −1 = [
𝑠𝑖𝑛𝜃

−𝑠𝑖𝑛𝜃
].
𝑐𝑜𝑠𝜃

(5-18)

The generalized forms of the transformation from α β components to dq components and
vice versa are:
𝐹𝑑
𝐹𝛼
[ 𝐹 ] = 𝑇 [𝐹 ]

(5-19)

𝐹𝛼
𝐹𝑑
[𝐹 ] = 𝑇 −1 [ 𝐹 ]

(5-20)

𝛽

𝑞

𝛽

𝑞

[𝐹𝑑𝑞 ] and [𝐹𝛼𝛽 ] stand for voltage or current in dq frame and αβ frame respectively.

5.4.2 Single-Phase Grid-Connected PV System Model
The stationary αβ model given by Eq. (5-10) and Eq. (5-11), is transformed to the
dq synchronously rotating frame using the transformation matrix T given by Eq. (5-17).
Then, from (5-19)
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𝐼𝑑
𝑐𝑜𝑠𝜃
[𝐼 ] = [
−𝑠𝑖𝑛𝜃
𝑞

𝑠𝑖𝑛𝜃 𝐼𝛼
][ ]
𝑐𝑜𝑠𝜃 𝐼𝛽

(5-21)

where 𝜃 = 𝜔𝑡 for the frequency of the grid.
Taking the time derivative of Eq. (5-21) and then, utilizing Eq. (5-20) for current, the
following equation is obtained:
𝐼̇
−𝑠𝑖𝑛𝜔𝑡
[ 𝑑̇ ] = 𝜔 [
−𝑐𝑜𝑠𝜔𝑡
𝐼𝑞

𝑐𝑜𝑠𝜔𝑡 𝑐𝑜𝑠𝜔𝑡
][
−𝑠𝑖𝑛𝜔𝑡 𝑠𝑖𝑛𝜔𝑡

𝑐𝑜𝑠𝜔𝑡
[
−𝑠𝑖𝑛𝜔𝑡

−𝑠𝑖𝑛𝜔𝑡 𝐼𝑑
] [ ]+
𝑐𝑜𝑠𝜔𝑡 𝐼𝑞
(5-22)

𝑠𝑖𝑛𝜔𝑡 𝐼𝛼̇
] [ ].
𝑐𝑜𝑠𝜔𝑡 𝐼𝛽̇

After some mathematical work in Eq. (5-22), Eq. (5-23) is obtained.
𝐼̇
0
[ 𝑑̇ ] = [
−𝑤
𝐼𝑞

𝑤 𝐼𝑑
𝑐𝑜𝑠𝜔𝑡
] [𝐼 ] + [
−𝑠𝑖𝑛𝜔𝑡
0 𝑞

𝑠𝑖𝑛𝜔𝑡 𝐼𝛼̇
][ ]
𝑐𝑜𝑠𝜔𝑡 𝐼𝛽̇

(5-23)

From Eq. (5-10) and Eq. (5-11), the matrix form is as follows:
𝐼̇
𝑉
𝑅 𝐼
1
[ 𝛼̇ ] = − [𝐼𝛼 ] + 𝑝𝑣 [
𝐿 𝛽
𝐿 0
𝐼𝛽

1 𝑉𝑔𝛼
0 𝑑𝛼
] [ ] − [ ].
𝐿 𝑉𝑔𝛽
1 𝑑𝛽

(5-24)

Multiplying Eq. (5-24) by T matrix and then, the obtained result replacing into Eq. (523), after some mathematical work, the following equation is obtained:
𝐼̇
0
[ 𝑑̇ ] = [
−𝑤
𝐼𝑞

𝑑
𝑉
𝑅 𝐼
1 𝑉𝑔𝑑
𝑤 𝐼𝑑
] [𝐼 ] − [𝐼𝑑 ] + 𝑝𝑣 [ 𝑑 ] − [ ] .
𝐿 𝑞
𝐿 𝑑𝑞
𝐿 𝑉𝑔𝑞
0 𝑞

(5-25)

Equation (5-25) can be written as:
𝐿𝐼𝑑̇ = −𝑅𝐼𝑑 + 𝐿𝜔𝐼𝑞 + 𝑑𝑑 𝑉𝑝𝑣 − 𝑉𝑔𝑑

(5-26)

𝐿𝐼𝑞̇ = −𝑅𝐼𝑞 − 𝐿𝜔𝐼𝑑 + 𝑑𝑞 𝑉𝑝𝑣 − 𝑉𝑔𝑞

(5-27)

where 𝐼𝑑 (𝑡) and 𝐼𝑞 (𝑡) are the d-axis and q-axis current components of the output current
of the inverter, 𝑉𝑔𝑑 (𝑡) and 𝑉𝑔𝑞 (𝑡) are the d-axis and q-axis voltage component of the
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voltage of the grid, 𝜔 is the angular frequency of the grid, and 𝑑𝑑 (𝑡) and 𝑑𝑞 (𝑡) are the
control signals of the inverter in qd frame.
Similarly, the αβ components of the voltage dynamics of the DC link capacitor given
by Eq. (5-12) are transformed to the dq frame utilizing the transformation matrix T. First,
the component 𝑑𝛼 𝐼𝛼 + 𝑑𝛽 𝐼𝛽 of Eq. (5-12) can be written in matrix form as follows:
𝑑𝛼 𝐼𝛼 + 𝑑𝛽 𝐼𝛽 ≜ [𝑑𝛼

𝐼
𝑑𝛽 ] [ 𝛼 ]
𝐼𝛽

(5-28)

Then, utilizing Eq. (5-20), Eq. (5-28) can be written as:
𝑐𝑜𝑠𝜔𝑡
𝑑𝛼 𝐼𝛼 + 𝑑𝛽 𝐼𝛽 = [[
𝑠𝑖𝑛𝜔𝑡

𝑇

−𝑠𝑖𝑛𝜔𝑡 𝑑𝑑
𝑐𝑜𝑠𝜔𝑡
] [ ]] [
𝑑
𝑐𝑜𝑠𝜔𝑡
𝑠𝑖𝑛𝜔𝑡
𝑞

−𝑠𝑖𝑛𝜔𝑡 𝐼𝑑
][ ]
𝑐𝑜𝑠𝜔𝑡 𝐼𝑞

(5-29)

After some mathematical work in Eq. (5-29), the following equation is obtained:
𝑑𝛼 𝐼𝛼 + 𝑑𝛽 𝐼𝛽 = 𝑑𝑑 𝐼𝑑 + 𝑑𝑞 𝐼𝑞 .

(5-30)

Second, the component (𝐼𝑟𝛼 + 𝐼𝑟𝛽 ) of Eq. (5-12), that represents the estimation of the
second harmonic current ripple, is transformed to dq reference frame utilizing the
transformation matrix given by Eq. (5-17) with the angle 𝜃 = 2𝜔𝑡. Then, the dq
transformation of the referred component is as follows:
𝑇

𝐼𝑟𝑑 𝑇
𝑐𝑜𝑠2𝑤𝑡
[𝐼 ] = [[
−𝑠𝑖𝑛2𝑤𝑡
𝑟𝑞

𝑠𝑖𝑛2𝑤𝑡 𝐼𝑟𝛼
] [ ]] .
𝑐𝑜𝑠2𝑤𝑡 𝐼𝑟𝛽

(5-31)

Replacing Eq. (5-13) and Eq. (5-14) into Eq. (5-31), after some mathematical work, the
dq components of the estimated second harmonic current ripple are:
𝐼𝑟𝑑 = −

𝑉𝑔𝑑 𝐼𝑑
2𝑉𝑝𝑣
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(5-32)

𝐼𝑟𝑞 = 0

(5-33)

Then, replacing equations (5-30), (5-32) and (5-33) into Eq. (5-12), the equation that
represents the dynamics of the DC link capacitor including the estimation of the second
harmonic current ripple in dq synchronously rotating reference frame is as follows:
𝐶

𝑑𝑉𝑝𝑣
𝑉𝑔𝑑 𝐼𝑑
= 𝐼𝑝𝑣 − 𝑑𝑑 𝐼𝑑 − 𝑑𝑞 𝐼𝑞 − (−
).
𝑑𝑡
2𝑉𝑝𝑣

(5-34)

It can be seen that Eq. (5-26) and Eq. (5-27) are similar to those of the three-phase system
given by Eq. (3-30) and Eq. (3-31). This similarity facilitates the design of the singlephase controller because the basis of the nonlinear controller design; stated for three-phase
systems in chapter IV, are utilized for the design of the single-phase controller. It is clear
that, the voltage dynamics of the DC link capacitor given by Eq. (5-34) differs from that of
the three-phase system given by Eq. (3-32) in the added component to mitigate the second
harmonic current ripple. Furthermore, it can be seen from (5-26) and (5-27) that there is a
cross-coupling dependence of 𝐼𝑑 and 𝐼𝑞 currents. Hence, as it was stated in chapter IV the
auxiliary control functions 𝑑𝑑′ and 𝑑𝑞′ defined to decouple the active and reactive currents
loops and facilitate the model analysis are as follows:
𝑑𝑑′ = 𝑑𝑑 +

𝜔𝐿
𝐼
𝑉𝑝𝑣 𝑞

(5-35)

𝑑𝑞′ = 𝑑𝑞 −

𝜔𝐿
𝐼
𝑉𝑝𝑣 𝑑

(5-36)

Substituting (5-35) and (5-36) into (5-26), (5-27), and (5-34) the equations of the model
are:
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𝐿𝐼𝑑̇ = −𝑅𝐼𝑑 + 𝑑𝑑′ 𝑉𝑝𝑣 − 𝑉𝑔𝑑

(5-37)

𝐿𝐼𝑞̇ = −𝑅𝐼𝑞 + 𝑑𝑞′ 𝑉𝑝𝑣 − 𝑉𝑔𝑞

(5-38)

̇ = 𝐼𝑝𝑣 − 𝑑𝑑′ 𝐼𝑑 − 𝑑𝑞′ 𝐼𝑞 − 𝐼𝑟𝑑
𝐶𝑉𝑝𝑣

(5-39)
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CHAPTER VI
6

CONTROL SYSTEM DEVELOPMENT OF THE SINGLE-PHASE
PHOTOVOLTAIC SYSTEM

A nonlinear control strategy for SSSP grid-connected PV inverter in synchronous
dq reference frame is proposed to achieve maximum power point operation, regardless of
the atmospheric conditions, and to control the active and reactive power. The control
scheme forces the d-axis current to track the novel trajectory reference current 𝐼𝑑𝑟𝑒𝑓 (𝑡),
obtained online. It provides for energy balance from the input to the output of the system
along with mitigating the PV second harmonic current ripple, which is a major drawback
of the single-phase PV inverters. Additionally, the grid-connected PV system must work
at MPP, for that, the voltage of the PV array must track the reference voltage obtained
from the Incremental Conductance algorithm. The block diagram of the single-stage
single-phase PV system based on nonlinear control is shown in Figure 6.1.

Figure 6.1 Single-stage single-phase PV system with nonlinear controller
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6.1

Control Design
The objective of the control scheme is to design the duty ratio control signals 𝑑𝑑′ (𝑡)

and 𝑑𝑞′ (𝑡) such that 𝐼𝑑 (𝑡) → 𝐼𝑑𝑟𝑒𝑓 (𝑡) and 𝐼𝑞 (𝑡) → 𝐼𝑞𝑟𝑒𝑓 (𝑡) as t → ∞, thus controlling
the active and the reactive power of the system to keep the unity power factor on the grid
side. Moreover, the control law must also ensure that 𝑉𝑝𝑣 (𝑡) → 𝑉𝑟𝑒𝑓 (𝑡) as 𝑡 → ∞ to
achieve MPP. 𝐼𝑑𝑟𝑒𝑓 (𝑡), 𝐼𝑞𝑟𝑒𝑓 (𝑡), and 𝑉𝑟𝑒𝑓 (𝑡) are the desired values of current and voltage
respectively.
To facilitate the control development, the assumptions considered in chapter IV for
three-phase systems are valid for single-phase system because the models in dq frame for
both three-phase and single-phase are similar. Thus, for the single-phase system the
following is assumed:
Assumption 1. 𝑅, 𝐿, 𝐶 ∈ ℝ+ are known constant parameters of the system.
Assumption 2. The q axis reference current

𝐼𝑞𝑟𝑒𝑓 is measurable and sufficiently

̇
differentiable. Thus, 𝐼𝑞𝑟𝑒𝑓 and 𝐼𝑞𝑟𝑒𝑓
are bounded.
Assumption 3. The voltage of the grid is sinusoidal and symmetrical. The d-axis grid
voltage is equal to 170 V., and q-axis grid voltage is zero.
Assumption 4. The reference voltage 𝑉𝑟𝑒𝑓 is measurable and sufficiently differentiable.
̇
Thus, 𝑉𝑟𝑒𝑓 and 𝑉𝑟𝑒𝑓
are bounded.
Assumption 5. The current 𝐼𝑝𝑣 is bounded on the condition that the voltage 𝑉𝑝𝑣
bounded.
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is

To meet with the desired currents and voltage to achieve MPPT and to control the
active and reactive power, the tracking errors signal of the current 𝑒𝑑 (𝑡) and 𝑒𝑞 (𝑡), and
the tracking error signal of the PV voltage 𝑒𝑣 (𝑡) are defined as follows:
𝑒𝑑 ≜ 𝐼𝑑 − 𝐼𝑑𝑟𝑒𝑓

(6-1)

𝑒𝑞 ≜ 𝐼𝑞 − 𝐼𝑞𝑟𝑒𝑓

(6-2)

𝑒𝑣 ≜ 𝑉𝑝𝑣 − 𝑉𝑟𝑒𝑓 .

(6-3)

where 𝑒𝑑 (𝑡), 𝑒𝑞 (𝑡) , 𝑒𝑣 (𝑡) ∈ ℝ. These signals will facilitate the design of the auxiliary
control signals 𝑑𝑑′ , 𝑑𝑞′ , and the d-axis reference current 𝐼𝑑𝑟𝑒𝑓 .
The time derivative of the equations (6-1), (6-2), and (6-3) are as follows:
̇
𝑒̇𝑑 = 𝐼𝑑̇ − 𝐼𝑑𝑟𝑒𝑓

(6-4)

̇
𝑒̇𝑞 = 𝐼𝑞̇ − 𝐼𝑞𝑟𝑒𝑓

(6-5)

̇ − 𝑉𝑟𝑒𝑓
̇ .
𝑒̇𝑣 = 𝑉𝑝𝑣

(6-6)

Multiplying both sides of Eq. (6-4) and Eq. (6-5) by the inductance L and Eq. (6-6) by the
capacitance C, then substituting the system dynamic equations (5-37), (5-38), and (5-39)
into the obtained equations respectively, the open loop system is developed as follows:
̇
𝐿𝑒̇𝑑 = −𝑅𝐼𝑑 + 𝑑𝑑′ 𝑉𝑝𝑣 − 𝑉𝑔𝑑 − 𝐿𝐼𝑑𝑟𝑒𝑓

(6-7)

̇
𝐿𝑒̇𝑞 = −𝑅𝐼𝑞 + 𝑑𝑞′ 𝑉𝑝𝑣 − 𝐿𝐼𝑞𝑟𝑒𝑓

(6-8)

̇
𝐶𝑒̇𝑣 = 𝐼𝑝𝑣 − 𝑑𝑑′ 𝐼𝑑 − 𝑑𝑞′ 𝐼𝑞 − 𝐼𝑟𝑑 − 𝐶𝑉𝑟𝑒𝑓

(6-9)

To design the control signals 𝑑𝑑′ (𝑡) and 𝑑𝑞′ (𝑡) ensuring that the error signals 𝑒𝑑 and 𝑒𝑞 →
0 as 𝑡 → ∞, the closed loop error signals are designed as follows:
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𝐿 𝑒𝑑̇ = −𝐾4 𝑒𝑑

(6-10)

𝐿 𝑒𝑞̇ = −𝐾5 𝑒𝑞

(6-11)

where 𝐾4 and 𝐾5 are positive constant control gains.
Replacing Eq. (6-10) and Eq. (6-11) into Eq. (6-7) and Eq. (6-8) respectively, after some
mathematical work, the auxiliary control signals 𝑑𝑑′ and 𝑑𝑞′ are obtained:

6.2

𝑑𝑑′ =

1
̇
(−𝐾4 𝑒𝑑 + 𝑅𝐼𝑑 + 𝑉𝑔𝑑 + 𝐿𝐼𝑑𝑟𝑒𝑓
)
𝑉𝑝𝑣

(6-12)

𝑑𝑞′ =

1
̇
(−𝐾5 𝑒𝑞 + 𝑅𝐼𝑞 + 𝐿𝐼𝑞𝑟𝑒𝑓
)
𝑉𝑝𝑣

(6-13)

Design of d-axis Reference Current Trajectory for the Single-Phase PV System
Replacing equations (6-12) and (6-13) into Eq. (6-9), the following equation is

obtained.
𝐶𝑒̇𝑣 = −

𝐼𝑞
𝐼𝑑
̇
̇
(−𝐾4 𝑒𝑑 + 𝑅𝐼𝑑 + 𝑉𝑔𝑑 + 𝐿𝐼𝑑𝑟𝑒𝑓
)−
(−𝐾5 𝑒𝑞 + 𝑅𝐼𝑞 + 𝐿𝐼𝑞𝑟𝑒𝑓
)
𝑉𝑝𝑣
𝑉𝑝𝑣

(6-14)

̇
+𝐼𝑝𝑣 − 𝐼𝑟𝑑 − 𝐶𝑉𝑟𝑒𝑓
To ensure that the error signal 𝑒𝑣 → 0 as 𝑡 → ∞ the closed loop error signal of the PV
voltage is designed as follows:
𝐶𝑒𝑣̇ = −𝐾6 𝑒𝑣

(6-15)

where 𝐾6 is a positive control gain. Combining Eq. (6-14) with Eq. (6—15), the equation
to obtain the trajectory of the reference current 𝐼𝑑𝑟𝑒𝑓 (𝑡) is designed as:
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̇
𝐼𝑑𝑟𝑒𝑓
=

𝐾5 𝑒𝑞 𝐼𝑞 𝐾6 𝑒𝑣 𝑉𝑝𝑣 𝑉𝑝𝑣 𝐼𝑝𝑣 𝐶 𝑉𝑝𝑣
𝐼𝑞
𝑅 𝐼𝑞2
̇
̇
+
+
−
𝑉 − 𝐼
−
+
𝐿 𝐼𝑑
𝐿 𝐼𝑑
𝐿𝐼𝑑
𝐿 𝐼𝑑 𝑟𝑒𝑓 𝐼𝑑 𝑞𝑟𝑒𝑓 𝐿 𝐼𝑑
𝑉𝑝𝑣
𝐾4
𝑅
1
𝑒𝑑 − 𝐼𝑑 − 𝑉𝑔𝑑 −
𝐼
𝐿
𝐿
𝐿
𝐿𝐼𝑑 𝑟𝑑

(6-16)

Equation (6-16) contains the term that is a function of the estimated current ripple 𝐼𝑟𝑑 .
Therefore, Eq. (6-16) is utilized to show the effect of the second harmonic current ripple
in obtaining the maximum power, hence the reference current 𝐼𝑑𝑟𝑒𝑓 .

6.3

Stability Analysis
As it was stated in section 4.3, the Lyapunov stability theory is used to prove the

stability of the system and convergence of the closed loop error signals.
Theorem 2: Using the closed loop error system given by (6-10), (6-11), and (6-15),
the error signals defined in (6-1), (6-2), and (6-3) are exponentially regulated as follows:
𝑒𝑑 (𝑡), 𝑒𝑞 (𝑡), 𝑒𝑣 (𝑡) → 0 𝑎𝑠 𝑡 → ∞

(6-17)

Proof: A non-negative Lyapunov function candidate is chosen as:
1

1

1

𝑉2 = 2 𝐿𝑒𝑑2 + 2 𝐿𝑒𝑞2 + 2 𝐶𝑒𝑣2

(6-18)

The time derivative of Eq. (6-18) is:
𝑉2̇ = 𝑒𝑑 𝐿𝑒̇𝑑 + 𝑒𝑞 𝐿𝑒̇𝑞 + 𝑒𝑣 𝐶𝑒̇𝑣 .

(6-19)

To guarantee that the error signals 𝑒𝑑 , 𝑒𝑞 , and 𝑒𝑣 → 0 𝑎𝑠 𝑡 → ∞ the closed loop error
signals were defined by equations (6-10), (6-11), and (6-15). Then, replacing these
equations into Eq. (6-19), the following equation is obtained:
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𝑉2̇ = −𝐾4 𝑒𝑑2 − 𝐾5 𝑒𝑞2 − 𝐾6 𝑒𝑣2

(6-20)

Since the control gains 𝐾4 , 𝐾5 , 𝐾6 are positive, it is clear that 𝑉2̇ is a negative definite
function. Given by Eq. (6-18) and Eq. (6-20), utilizing Definition 3.5 stated in [51] it can
be shown that the origin (𝑒𝑑 (𝑡), 𝑒𝑞 (𝑡), 𝑒𝑣 (𝑡)) = (0,0,0) is globally exponentially stable.
Exponential stability allows knowing the rate of exponential convergence 𝛾 [51] to
estimate how fast the system trajectory tends to zero. The prove of the theorem is similar
to that shown in section 4.3, ignoring previous values of the parameters R, L, and C and
changing the control gains

𝐾1 , 𝐾2 , 𝐾3 by 𝐾4 , 𝐾5 , 𝐾6 respectively. For single-phase

scheme, 𝜆𝑍𝑚𝑎𝑥 = 𝐿 = 0.008, 𝜆𝑍𝑚𝑖𝑛 = 𝐶 = 0.0036, 𝜆𝐾𝑚𝑎𝑥 = 𝐾5 = 40, 𝜆𝐾𝑚𝑖𝑛 = 𝐾6 =
𝜆

1, 𝛾 = 𝜆 𝐾𝑚𝑖𝑛 = 125.
𝑍𝑚𝑎𝑥

6.4

Simulation Results of the Single-Phase PV System
A numerical simulation was performed to validate the control design. The

parameters of the single-phase PV system are summarized in Table 6.1 and Table 6.2.
Table 6.1 System Parameters of the Single-Phase PV System
Parameter

Value

Units

Parameter

Value

Units

𝑅

0.1

Ω

𝐾4

16

−

𝐿

8

𝑚𝐻

𝐾5

40

−

𝐶

3600

𝜇𝐹

𝐾6

1

−

𝑓𝑠𝑤

12

𝑘𝐻𝑧

𝑣𝑠𝑡𝑒𝑝

5𝑒 −4

𝑉

𝑓

60

𝐻𝑧

𝑉𝑔

120

𝑉𝑝ℎ(𝑟𝑚𝑠)

𝑓𝑠𝑤 is the switching frequency and 𝑣𝑠𝑡𝑒𝑝 is the voltage step of the MPPT algorithm.
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Table 6.2 Photovoltaic Module Parameters
Module Sunpreme SNPM-F60-02-180
Maximum Power (180.42 W)

Cells per module (60)

Open circuit voltage Voc

36.6 V

Short circuit current Isc

6.9 A

Voltage MPP

29.1 V

Current MPP

6.2 A

Parallel string

2

Series strings

8

Vmpp at 25 ℃ and 1000 𝑊 ⁄𝑚2

232.8 V

Impp at 25 ℃ and 1000 𝑊 ⁄𝑚2

12.4 A

Pmax at 25 ℃ and 1000 𝑊⁄𝑚2

2.887 KW

Pmax at 25 ℃ and 800 𝑊 ⁄𝑚2

2.331 KW

Pmax at 25 ℃ and 600 𝑊 ⁄𝑚2

1.759 KW

To show the effectiveness of the proposed method to mitigate the current ripple of
the PV array, first, the 𝐼𝑟𝑑 component, which represents the estimated current ripple, was
set to zero in Eq. (6-9) and Eq. (6-16). Figure 6.2 shows the PV voltage and the reference
voltage at 1000 W/m2. The PV voltage has a mean value of approximately 245.46 volts
and a ripple of 9.8 volts peak to peak (4% ripple). Moreover, it can be seen that the
deviation of the voltage mean value respect to the reference voltage is about 11.3 volts.
Figure 6.3 shows that the PV current has a mean value of 11.25 amperes and a ripple of
about 1.08 amperes peak to peak. The mean value of current is below the value given by
the specifications in Table 6.2 (12.4 amperes). Figure 6.4 shows the PV power and the
maximum power. The deviation of the power mean value respect to the maximum power
is approximately 4.1%.
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b)

a)

Figure 6.2 PV voltage and reference voltage without attenuation of current ripple, a) Full
time scale, b) Time range from (0.2, 0.4 seconds).

a)

b)

Figure 6.3 PV current without attenuation of current ripple, a) Full time scale, b) Time
range from (0.2, 0.4 seconds).
Second, applying the proposed approach to attenuate the current ripple, Figure 6.5
shows the PV voltage and the reference voltage. In this figure, the PV voltage mean value
has zero deviation from the reference voltage demonstrating the effectiveness of the
proposed method to attenuate the current ripple thus to diminish the voltage deviation.
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b)

a)

Figure 6.4 PV power and maximum power without attenuation of current ripple, a) Full
time scale, b) Time range from (0.2, 0.4 seconds).

b)
a)
2
Figure 6.5 PV voltage at 1000 𝑊 ⁄𝑚 with mitigation of the current ripple, a) Full time
scale, b) Time range from (0.2, 0.4 seconds).
Figure 6.6 shows the PV current, which mean value is about 12.2 amperes and a ripple of
approximately 0.65 amperes peak to peak. It is clear that the mean value is very close to
the mean value given in Table 6.2 (12.4 amperes). Figure 6.7 shows the PV power
applying the proposed method for current ripple attenuation. The obtained PV power is
very close to the maximum power given in Table 6.2. The deviation of the mean power
respect to the maximum power is approximately 0.71 % at 1000 W/m2.Thus, showing the
effectiveness of the proposed approach to mitigate the current ripple.
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a)

b)

Figure 6.6 PV Current with attenuation of the current ripple at 1000 W/m2, a) Full time
scale, b) Time range from (0.2, 0.4 seconds).

a)

b)

Figure 6.7 PV power and maximum power with attenuation of current ripple at 1000
W/m2 , a) Full time scale, b) Time range from (0.2, 0.4 seconds).
From the obtained results, it can be seen that the effect of the second harmonic
component is to deviate the PV voltage from the voltage at MPP and therefore the drop of
the maximum power. The power losses due to the deviation of the maximum power
operation are decreased applying the proposed method. Additionally,

the second

harmonic PV current ripple has been attenuated by approximately 42 %, a value that is
close to the value obtained in [45], showing the effectiveness of the proposed approach to
mitigate the second harmonic photovoltaic current.
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Second, to evaluate the performance of the control scheme under sudden changes in
atmospheric conditions, the irradiance was changed in steps from 0 to 600 to 1000, and
finally back to 800 W/m2 at time t = 0, 0.3, 0.6 seconds respectively at a temperature of
25 0 𝐶 as is shown in Figure 6.8. Figure 6.9 shows the steady state and dynamics response
of the PV power as the irradiance changes, which power values, are close to the
maximum values. Therefore, validating the use of the proposed model in a single-stage
single-phase scheme combined with the incremental conductance algorithm to obtain the
reference voltage and thus the maximum power.

Figure 6.8 Irradiance for various atmospheric conditions

Figure 6.9 PV array power and ideal maximum power
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The tracking errors 𝑒𝑑 (𝑡), 𝑒𝑞 (𝑡) and 𝑒𝑣 (𝑡) are shown in Figure 6.10. It shows that the
tracking errors are approximately regulated to zero, hence validating the performance of
the proposed nonlinear controller. Fig. 6.11 shows the d-axis and q-axis currents both
with their respective reference currents. It can be seen that the current 𝐼𝑑 (𝑡) follows the
reference current 𝐼𝑑𝑟𝑒𝑓 (𝑡), which novel trajectory was obtained using Eq. (6-16). The
current 𝐼𝑞 (𝑡) follows 𝐼𝑞𝑟𝑒𝑓 (𝑡) which, for this case example, was set to zero to guarantee
unity power factor on the grid side.

a)

b)

c)
Figure 6.10 Tracking error a) error 𝑒𝑑 (𝑡), b) error 𝑒𝑞 (𝑡), c) error 𝑒𝑣 (𝑡)
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Figure 6.11 𝐼𝑑 (𝑡) and 𝐼𝑞 (𝑡) currents with 𝐼𝑑𝑟𝑒𝑓 (𝑡) and 𝐼𝑞𝑟𝑒𝑓 (𝑡) reference currents
Figure 6.12 shows the reference voltage 𝑉𝑟𝑒𝑓 (𝑡), obtained from the INC algorithm, and
the capacitor voltage, which is the voltage of the PV array 𝑉𝑝𝑣 (𝑡). It can be seen that the
PV voltage follows the reference voltage and it is kept steady despite the sudden changes
of the irradiance, thus showing the robustness of the proposed controller to rapid changes
of the irradiance.

Figure 6.12 PV voltage 𝑉𝑝𝑣 (𝑡) and reference voltage 𝑉𝑟𝑒𝑓 (𝑡)
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Figure 6.13 shows the grid voltage and current for different values of irradiance. The
current is sinusoidal and in phase with the voltage, meaning that the grid is only receiving
active power. Therefore, the power factor is unity, as it was desired. Additionally, when
there is a step change of the irradiance, the transient time to get the new steady state and
therefore the synchronism between the phase-voltage and the current is approximately
less than three cycles, thus showing the robustness of the proposed closed loop controlled
PV system.

Figure 6.13 Grid voltage and current
Figure 6.14 shows a zoom-in version of Figure 6.13 where the transition of the grid
current when the irradiance changes from 600 to 1000 𝑊 ⁄𝑚2 at t= 0.3 seconds can be
seen. Figure 6.15 shows the harmonic components of the grid current when the irradiance
is 600 𝑊 ⁄𝑚2 . It shows that the current has harmonic components less than 0.3%, with
total harmonic distortion of approximately 1.83 %. This value is well below the IEEE519 standard requirements.
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Figure 6.14 Transient response of the grid current at t=0.3 s.

Figure 6.15 Harmonic components of the grid current at 600 𝑊 ⁄𝑚2

Finally, at irradiance of 600 𝑊 ⁄𝑚2 , an R-L load was connected at time t = 0.3
seconds to see the performance of the controller to manage the active and reactive power.
Figure 6.16 shows the grid voltage, grid current, and load current when it is connected a
load of 1000 W, and 500 Var, 120 Vac. It can be seen that the current is lagging an angle
of about 26.5 degrees. Moreover, despite that the load is requiring reactive power once
the load is connected, the grid current is in phase with the voltage. Thus the power factor
is the unity on the grid side, showing the effectiveness of the proposed controller on
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compensating the reactive power required by the load. Figure 6.17 shows the harmonics
components of the grid current when the load is connected to the point of common
coupling. It has a THD of about 4.59%, a value that is below the IEEE-519 standard
requirements.

Figure 6.16 Grid voltage and current, and load current with an R-L load connected at
time t= 0.3 s.

Figure 6.17 Harmonic components of the grid current with R-L load at 600 𝑊 ⁄𝑚2
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CHAPTER VII

7

ADAPTIVE ESTIMATION OF UNKNOW DISTURBANCES FOR THE SINGLEPHASE SYSTEM

Physically the un-modeled non-idealities, such as unequal rising and falling edge
delays of the gate drive circuit [55], could affect the performance of the controller in
hardware implementation. Therefore, it is important to include these unknown
disturbances in the design of the controller.
Due to the high-scale penetration of single-phase PV modules, transformerless PV
inverters are being widely adopted [42]. However, this has imposed new challenges to
distributed generation because grid standard and regulations (such as the IEEE standard
1547) require disconnecting the PV system in the event of grid faults [48], [58].
Disconnecting the PV system from the grid will cause adverse operations that could
negatively affect the power quality supplied to the customer [60]. For that, some
researchers as in [58] and [60] states that future PV systems will have to provide ancillary
services, for example, low voltage ride through (LVRT) under grid faults.
Motivated by these ancillary services, the nonlinear controller analyzed in Chapter
V is modified combining the nonlinear control with adaptive control, first, to include the
constant unknown disturbances to the switching function of the inverter that will be
adaptively estimated and second, to supply reactive power to the grid when there is an
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LVRT event maintaining the maximum active power constant. For that, the q-axis
reference current is calculated based on the equation stated in [58].
𝐼𝑞𝑟𝑒𝑓 = 𝐾 (1 −

𝑉𝑔𝑑
)𝐼
170 𝑁

(7-1)

where 𝑉𝑔𝑑 is the d-axis grid voltage, 𝐾 ≥ 2 𝑝. 𝑢. [58], 𝐼𝑁 is the rated current of the
inverter. From Eq. (7-1) it can be seen that if 𝑉𝑔𝑑 = 170 𝑉 for normal operation, thus the
q-axis reference current 𝐼𝑞𝑟𝑒𝑓 = 0.
The dynamic model of the system proposed in Chapter V is modified as follows:
𝐿

𝑑𝑖𝑎
= −𝑅𝑖𝑎 + (𝑑 + 𝑑0 )𝑉𝑝𝑣 − 𝑣𝑔𝑎
𝑑𝑡

(7-2)

𝑑𝑉𝑝𝑣
= 𝐼𝑝𝑣 − (𝑑 + 𝑑0 )𝑖𝑎
𝑑𝑡

(7-3)

𝐶

where 𝑅 and 𝐿 are the series equivalent resistance and inductance of the output filter and
the grid impedance respectively, 𝐶 is the capacitance of the DC link, 𝑣𝑔𝑎 (𝑡) is the grid
voltage, 𝑖𝑎 (𝑡) is the inverter output current, 𝑉𝑝𝑣 (𝑡) and 𝐼𝑝𝑣 (𝑡) are the PV voltage and
current, 𝑑(𝑡) is the duty ratio control signal, and 𝑑0 represents the unknown disturbances,
which could appear physically in the circuit such as imperfect switch timing [41].
In Section 5.2, an estimated current ripple of the PV array was considered on the
voltage dynamics of the DC link capacitor to mitigate the current ripple. Moreover, the
power factor on the grid side was assumed to be unity as it is required by current grid
standards for PV applications [42]. However; for next-generation PV systems, PV
systems could supply reactive power into the grid under grid faults or LVRT events [58].
Then, the power factor would not be unity. For that, in this section, the phase-angle
between the voltage and the current of the grid is considered in the design.
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To facilitate the analysis, the stored energy of the filter inductor is neglected [44].
Then, the instantaneous output power 𝑝𝑎𝑐 (𝑡) of the inverter is as follows:
𝑉𝑔𝑚 𝐼𝑎𝑚

𝑝𝑎𝑐 =

2

𝑐𝑜𝑠𝜑 −

𝑉𝑔𝑚 𝐼𝑎𝑚
2

𝑐𝑜𝑠(2𝜔𝑡 − 𝜑).

(7-4)

In Eq. (7-4), 𝑉𝑔𝑚 is the grid peak voltage, 𝐼𝑎𝑚 is the inverter peak output current, 𝜔
represents the grid angular frequency, and 𝜑 the phase-angle between the grid voltage
and current. Then, from the power balance relationship and dismissing the inverter power
losses, the instantaneous input power of the inverter is given by the following equation:
𝑉𝑝𝑣 𝐼𝑖𝑛 =

𝑉𝑔𝑚 𝐼𝑎𝑚
𝑉𝑔𝑚 𝐼𝑎𝑚
𝑐𝑜𝑠𝜑 −
𝑐𝑜𝑠(2𝜔𝑡 − 𝜑).
2
2

(7-5)

From Eq. (7-5), the power of the PV array is equivalent to a DC power component and a
double line frequency AC power component. Then, from the AC component, the
estimated current ripple component 𝐼𝑟𝑝 (𝑡) is assumed equal to the following expression:
𝐼𝑟𝑝 ≜ −

𝑉𝑔𝑚 𝐼𝑎𝑚
𝑐𝑜𝑠(2𝜔𝑡 − 𝜑).
2𝑉𝑝𝑣

(7-6)

Eq. (7-6) differs from Eq. (5-9) in the phase-angle 𝜑 between the voltage and current of
the grid because for this application, it is considered that the power factor is not unity,
thus, 𝜑 ≠ 0. The estimated current ripple 𝐼𝑟𝑝 (𝑡) given by (7-6) is subtracted from the
current of the PV array to mitigate the current ripple component without the necessity of
an additional power stage as is shown in Eq. (7-7).
𝐶

𝑑𝑉𝑝𝑣
= 𝐼𝑝𝑣 − (𝑑 + 𝑑0 )𝑖𝑎 − 𝐼𝑟𝑝
𝑑𝑡

(7-7)

Following the same procedure as it was detailed in Chapter V, the equations of the model
in dq frame are as follows:
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𝐿𝐼𝑑̇ = −𝑅𝐼𝑑 + (𝑑𝑑′ + 𝑑0𝑑 )𝑉𝑝𝑣 − 𝑉𝑔𝑑

(7-8)

𝐿𝐼𝑞̇ = −𝑅𝐼𝑞 + (𝑑𝑞′ + 𝑑0𝑞 )𝑉𝑝𝑣 − 𝑉𝑔𝑞

(7-9)

̇ = 𝐼𝑝𝑣 − (𝑑𝑑′ + 𝑑0𝑑 )𝐼𝑑 − (𝑑𝑞′ + 𝑑0𝑞 )𝐼𝑞 − 𝐼𝑟𝑑 − 𝐼𝑟𝑞
𝐶𝑉𝑝𝑣

(7-10)

where 𝐼𝑑 (𝑡) and 𝐼𝑞 (𝑡) are the d-axis and q-axis inverter output current components,
𝑉𝑔𝑑 (𝑡) and 𝑉𝑔𝑞 (𝑡) are the d- axis and q-axis grid voltage components, 𝑑0𝑑 (𝑡) and 𝑑0𝑞 (𝑡)
are the constant unknown quantities in dq frame, that are adaptively estimated. 𝑑𝑑′ (𝑡) and
𝑑𝑞′ (𝑡), given by Eq. (7-11) and Eq. (7-12), are auxiliary control functions to decouple the
dq power loops components and facilitate the model analysis [4].
𝑑𝑑′ = 𝑑𝑑 +

𝜔𝐿
𝐼
𝑉𝑝𝑣 𝑞

𝑑𝑞′ = 𝑑𝑞 −

𝜔𝐿
𝐼
𝑉𝑝𝑣 𝑑

(7-11)
(7-12)

𝐼𝑟𝑑 (𝑡) and 𝐼𝑟𝑞 (𝑡) are dq components of the second harmonic current ripple for 𝜃 = 2𝜔𝑡,
which are defined as follows:
𝐼𝑟𝑑 = −
𝐼𝑟𝑞 =

𝑉𝑔𝑑 𝐼𝑑
𝑐𝑜𝑠𝜑
2𝑉𝑝𝑣

𝑉𝑔𝑑 𝐼𝑑
𝑠𝑖𝑛𝜑
2𝑉𝑝𝑣

𝐼

where 𝜑 = 𝑡𝑎𝑛−1 𝐼𝑞 .
𝑑
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(7-13)

(7-14)

7.1

Control Design
For the design, the assumptions of the system cited in section 6.1 are valid, and they

are used for this scheme, with the unique difference that the q-axis reference current is
obtained utilizing Eq. (7-1).
Assumption 1.- 𝑅, 𝐿, 𝐶 are known constant parameters of the system.
Assumption 2. The q-axis reference current 𝐼𝑞𝑟𝑒𝑓 (𝑡) given by Eq. (7-1) is bounded and
̇
sufficiently differentiable. Thus, 𝐼𝑞𝑟𝑒𝑓 (𝑡) and 𝐼𝑞𝑟𝑒𝑓
(𝑡) are bounded.
Assumption 3. The voltage of the grid 𝑉𝑔 (𝑡) is measurable and sufficiently differentiable.
It is sinusoidal and symmetrical. Then, the d-axis grid voltage 𝑉𝑔𝑑 (𝑡) and its derivative
are bounded, and the q-axis grid voltage 𝑉𝑔𝑞 (𝑡) is zero.
Assumption 4. The reference voltage 𝑉𝑟𝑒𝑓 (𝑡) is measurable and sufficiently differentiable.
̇ (𝑡) are bounded.
Thus, 𝑉𝑟𝑒𝑓 (𝑡) and 𝑉𝑟𝑒𝑓
Assumption 5. The current 𝐼𝑝𝑣 (𝑡) of the PV array is bounded on the condition that the
voltage 𝑉𝑝𝑣 (𝑡) is bounded.
To meet with the desired currents and voltage to control the active and reactive
power supplied to the grid with MPP operation, the tracking errors signals 𝑒𝑑 (𝑡), 𝑒𝑞 (𝑡),
and 𝑒𝑣 (𝑡) and their derivatives are defined by equations (6-1) – (6-6). The open loop
system is developed substituting equations (7-8), (7-9), and (7-10) into equations (6-4),
(6-5), and (6-6) respectively as follows:
̇
𝐿𝑒̇𝑑 = −𝑅𝐼𝑑 + (𝑑𝑑′ + 𝑑0𝑑 )𝑉𝑝𝑣 − 𝑉𝑔𝑑 − 𝐿𝐼𝑑𝑟𝑒𝑓

83

(7-15)

̇
𝐿𝑒̇𝑞 = −𝑅𝐼𝑞 + (𝑑𝑞′ + 𝑑0𝑞 )𝑉𝑝𝑣 − 𝑉𝑔𝑞 − 𝐿𝐼𝑞𝑟𝑒𝑓

(7-16)

̇ .
𝐶 𝑒𝑣̇ = 𝐼𝑝𝑣 − (𝑑𝑑′ + 𝑑0𝑑 )𝐼𝑑 − (𝑑𝑞′ + 𝑑0𝑞 )𝐼𝑞 − 𝐼𝑟𝑑 −𝐼𝑟𝑞 − 𝐶𝑉𝑟𝑒𝑓

(7-17)

From Eq. (7-15) and Eq. (7-16), the control functions 𝑑𝑑′ and 𝑑𝑞′ are designed as follows:
1
̇
(−𝐾7 𝑒𝑑 − 𝑑̂0𝑑 𝑉𝑝𝑣 + 𝑅𝐼𝑑 + 𝑉𝑔𝑑 + 𝐿𝐼𝑑𝑟𝑒𝑓
)
(7-18)
𝑉𝑝𝑣
1
̇
(−𝐾8 𝑒𝑞 − 𝑑̂0𝑞 𝑉𝑝𝑣 + 𝑅𝐼𝑞 + 𝐿𝐼𝑞𝑟𝑒𝑓
)
𝑑𝑞′ =
(7-19)
𝑉𝑝𝑣
where 𝐾7 , 𝐾8 are positive constant control gains, and 𝑑̂0𝑑 and 𝑑̂0𝑞 are the estimated
𝑑𝑑′ =

unknown disturbances that will be designed. Substituting Eq. (7-18) into Eq. (7-15) and
Eq. (7-19) into Eq. (7-16), after some mathematical work, the following equations are
obtained:
𝐿 𝑒𝑑̇ = −𝐾7 𝑒𝑑 − 𝑑̂0𝑑 𝑉𝑝𝑣 + 𝑑0𝑑 𝑉𝑝𝑣

(7-20)

𝐿 𝑒𝑞̇ = −𝐾8 𝑒𝑞 − 𝑑̂0𝑞 𝑉𝑝𝑣 + 𝑑0𝑞 𝑉𝑝𝑣 .

(7-21)

The error signal 𝑑̃0𝑑 and 𝑑̃0𝑞 are defined as follows:
𝑑̃0𝑑 ≜ 𝑑0𝑑 − 𝑑̂0𝑑

(7-22)

𝑑̃0𝑞 ≜ 𝑑0𝑞 − 𝑑̂0𝑞 .

(7-23)

Substituting Eq. (7-22) into Eq. (7-20) and Eq. (7-23) into Eq. (7-21) and then replacing
𝑉𝑝𝑣 from Eq. (6-3), the closed loop dynamics of the current tracking error signals are
obtained:
𝐿 𝑒𝑑̇ = −𝐾7 𝑒𝑑 + 𝑑̃0𝑑 𝑒𝑣 + 𝑑̃0𝑑 𝑉𝑟𝑒𝑓

(7-24)

𝐿 𝑒𝑞̇ = −𝐾8 𝑒𝑞 + 𝑑̃0𝑞 𝑒𝑣 + 𝑑̃0𝑞 𝑉𝑟𝑒𝑓 .

(7-25)

Substituting Eq. (7-18) and Eq. (7-19) into Eq. (7-17), along with Eq. (7-22) and Eq. (723), after some mathematical work, Eq. (7-26) is obtained:
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𝐶𝑒𝑣̇ = −

𝐼𝑞
𝐼𝑑
̇
̇
(−𝐾7 𝑒𝑑 + 𝑅𝐼𝑑 + 𝑉𝑔𝑑 + 𝐿𝐼𝑑𝑟𝑒𝑓
)−
(−𝐾8 𝑒𝑞 + 𝑅𝐼𝑞 + 𝑉𝑔𝑞 + 𝐿𝐼𝑞𝑟𝑒𝑓
)
𝑉𝑝𝑣
𝑉𝑝𝑣

(7-26)

̇ .
−𝑑̃0𝑑 𝐼𝑑 − 𝑑̃0𝑞 𝐼𝑞 + 𝐼𝑝𝑣 − 𝐼𝑟𝑑 −𝐼𝑟𝑞 − 𝐶𝑉𝑟𝑒𝑓
̇
Then, 𝐼𝑑𝑟𝑒𝑓
, found in Eq. (7-26) to obtain the trajectory of the d-axis reference current
𝐼𝑑𝑟𝑒𝑓 , is designed as follows:
̇
𝐼𝑑𝑟𝑒𝑓
=

𝐾8 𝑒𝑞 𝐼𝑞 𝐾9 𝑒𝑣 𝑉𝑝𝑣 𝑉𝑝𝑣 𝐼𝑝𝑣 𝐶 𝑉𝑝𝑣
𝐼
𝐾7
̇ − 𝑞 𝐼𝑞𝑟𝑒𝑓
̇
𝑒𝑑 +
+
+
−
𝑉𝑟𝑒𝑓
−
𝐿
𝐿 𝐼𝑑
𝐿 𝐼𝑑
𝐿𝐼𝑑
𝐿 𝐼𝑑
𝐼𝑑
(7-27)

𝑅 𝐼𝑞2
𝐿 𝐼𝑑

−

𝑉𝑝𝑣
𝑅
1
(𝐼 + 𝐼𝑟𝑞 )
𝐼𝑑 − 𝑉𝑔𝑑 −
𝐿
𝐿
𝐿𝐼𝑑 𝑟𝑑

where 𝐾9 is a positive constant control gain. Substituting Eq. (7-27) into Eq. (7-26) the
closed loop dynamics of the voltage tracking error 𝑒𝑣 (𝑡) is obtained:
𝐶𝑒𝑣̇ = −𝐾9 𝑒𝑣 − 𝑑̃0𝑑 𝐼𝑑 − 𝑑̃0𝑞 𝐼𝑞

7.2

(7-28)

Stability Analysis
Theorem 3: Using the closed loop error system given by equations (7-24), (7-25),

and (7-28), the error signals defined in (6-1), (6-2), and (6-3), are regulated as follows:
𝑒𝑑 (𝑡), 𝑒𝑞 (𝑡), 𝑒𝑣 (𝑡) → 0 𝑎𝑠 𝑡 → ∞

(7-29)

Proof: Choosing a non-negative Lyapunov function candidate as:
1
1
1
1 −1 2
1 −1 2
𝑉3 = 2 𝐿𝑒𝑑2 + 2 𝐿𝑒𝑞2 + 2 𝐶𝑒𝑣2 + 2 𝐾𝑎𝑑
𝑑̃0𝑑 + 2 𝐾𝑎𝑞
𝑑̃0𝑞

(7-30)

where 𝐾𝑎𝑑 and 𝐾𝑎𝑞 are positive constant gains. Then, the time derivative of (7-30) is as
follows:
−1 ̃
−1 ̃
𝑉3̇ = 𝑒𝑑 𝐿𝑒̇𝑑 + 𝑒𝑞 𝐿𝑒̇𝑞 + 𝑒𝑣 𝐶𝑒̇𝑣 + 𝐾𝑎𝑑
𝑑0𝑑 𝑑̃̇0𝑑 + 𝐾𝑎𝑞
𝑑0𝑞 𝑑̃̇0𝑞 .

85

(7-31)

Assuming that 𝑑0𝑑 and

𝑑0𝑞 are slowly time-varying disturbances [41], the time

derivative of Eq. (7-22) and Eq. (7-23) are as follows:
𝑑̃̇0𝑑 = −𝑑̂̇0𝑑

(7-32)

𝑑̃̇0𝑞 = −𝑑̂̇0𝑞

(7-33)

The closed loop error signals are defined by equations (7-24), (7-25), and (7-28). Then,
substituting these equations into Eq. (7-31) along with Eq. (7-32) and Eq. (7-33), after
some mathematical work, the following equation is obtained.
𝑉3̇ = −𝐾7 𝑒𝑑2 − 𝐾8 𝑒𝑞2 − 𝐾9 𝑒𝑣2 + 𝑑̃0𝑑 (𝑒𝑑 𝑉𝑝𝑣 − 𝑒𝑣 𝐼𝑑 −
1 ̇
+𝑑̃0𝑞 (𝑒𝑞 𝑉𝑝𝑣 − 𝑒𝑣 𝐼𝑞 −
𝑑̂ )
𝐾𝑎𝑞 0𝑞

1 ̇
𝑑̂ )
𝐾𝑎𝑑 0𝑑

(7-34)

where the update laws for the unknown disturbances 𝑑̂0𝑑 and 𝑑̂0𝑞 are designed as
follows:
𝑑̂̇0𝑑 = 𝐾𝑎𝑑 (𝑒𝑑 𝑉𝑝𝑣 − 𝑒𝑣 𝐼𝑑 )

(7-35)

𝑑̂̇0𝑞 = 𝐾𝑎𝑞 (𝑒𝑞 𝑉𝑝𝑣 − 𝑒𝑣 𝐼𝑞 ).

(7-36)

Substituting Eq. (7-35) and Eq. (7-36) into Eq. (7-34), after some mathematical work, the
following equation is obtained:
𝑉3̇ = −𝐾7 𝑒𝑑2 − 𝐾8 𝑒𝑞2 − 𝐾9 𝑒𝑣2 .

(7-37)

Given by Eq. (7-30) and Eq. (7-37), the error signals 𝑒𝑑 (𝑡), 𝑒𝑞 (𝑡), and 𝑒𝑣 (𝑡) are square
integrable and bounded, and that 𝑑̃0𝑑 (𝑡), 𝑑̃0𝑞 (𝑡) are bounded. From Assumption 4, 𝑉𝑟𝑒𝑓 is
bounded then, Eq. (6-2) can be used to show that 𝑉𝑝𝑣 is bounded. As it was shown that 𝑉𝑝𝑣
is bounded, from Assumptions 5, 𝐼𝑝𝑣 is bounded. From Assumptions 3 and 5, and from
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the fact that the PV power is equal to the grid power from the power balance relationship,
𝐼𝑑 is bounded. Therefore, from Eq. (6-1) along with the above boundedness statements,
𝐼𝑑𝑟𝑒𝑓 is bounded. From Assumption 2 and knowing that 𝑒𝑞 (𝑡) is bounded, Eq. (6-2) is
̇
utilized to show that the current 𝐼𝑞 is bounded. From Assumption 2, 𝐼𝑞𝑟𝑒𝑓
is bounded.
From Assumption 3 and knowing that 𝐼𝑑 and 𝑉𝑝𝑣 are bounded, Eq. (7-13) and Eq. (7-14)
can be utilized to show that 𝐼𝑟𝑑 and 𝐼𝑟𝑞 are bounded. From Assumption 4, along with the
̇
above boundedness statements, Eq. (7-27) can be utilized to show that 𝐼𝑑𝑟𝑒𝑓
is bounded.
From Assumption 5 along with the above boundedness statements, Eq. (7-35) and Eq. (736) can be utilized to show that 𝑑̂0𝑑 and 𝑑̂0𝑞 are bounded. Since 𝑑̂0𝑑 and 𝑑̂0𝑞 are shown
to be bounded and knowing that 𝑑̃0𝑑 and 𝑑̃0𝑞 are bounded, Eq. (7-22) and Eq. (7-23) are
utilized to show that 𝑑0𝑑 and 𝑑0𝑞 are bounded. Using the above boundedness statements,
from Eq. (7-18) and Eq. (7-19) it can be proven that 𝑑𝑑′ and 𝑑𝑞′ are bounded. Similarly,
based on the above boundedness statements, from equations (7-8), (7-9), and (7-10) it can
̇ are bounded. Finally, from Assumptions 3, 4, and 5 along
be shown that 𝐼𝑑̇ , 𝐼𝑞̇ , and 𝑉𝑝𝑣
with the above boundedness statements, equations (7-15), (7-16), and (7-17) are utilized to
show that 𝑒̇𝑑 , 𝑒̇𝑞 , and 𝑒̇𝑣 are bounded. Therefore, all the signals of the closed loop system
are bounded. From Barbalat’s Lemma [51], it can be shown that the signals
(𝑒𝑑 (𝑡), 𝑒𝑞 (𝑡), 𝑒𝑣 (𝑡)) → 0 𝑎𝑠 𝑡 → ∞. Thus, the proof of Theorem 3 is completed.

7.3

Simulation Results
The parameters of the PV system are the same as those presented in Table 6.1 and

Table 6.2 except 𝐾4 , 𝐾5 , 𝐾6 , which are replaced by 𝐾7 = 16, 𝐾8 = 40, and 𝐾9 = 1
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respectively. Additionally, the values of the control gains of the adaptive control are
designed as 𝐾𝑎𝑑 = 0.005 and 𝐾𝑎𝑞 = 0.02.
First, to see the performance of the adaptive control, an external known constant
value of 0.2 was added to the duty ratio control signal in dq frame (𝑑𝑑 + 0.2, 𝑑𝑞 − 0.2) at
t=0.3 seconds to simulate an imperfect switching time. The irradiance of the PV array is
set at 800 W⁄m2. At the rated grid voltage, the d-axis component of the grid voltage
𝑉𝑑𝑔 is 170𝑉, then, from Eq. (7-1); the q-axis reference current 𝐼𝑞𝑟𝑒𝑓 (𝑡) is zero. Figure 7.1
shows the estimated signals 𝑑̂0𝑑 and 𝑑̂0𝑞 . It can be seen that the signals are estimated to
the assumed known values with a stabilization time of approximately 0.12 seconds.

Figure 7.1 Estimated signals 𝑑̂0𝑑 and 𝑑̂0𝑞 utilizing adaptive control
To see the effects of the emulated imperfect switching, Figure 7.2 a) shows the grid power
without the adaptive controller. It can see be seen that the reactive power settles to a value
different than zero after the disturbance is added even though the reference current
𝐼𝑞𝑟𝑒𝑓 (𝑡) is zero to guarantee unity power factor. Figure 7.2 b) shows the grid power with
the adaptive control. It is clear that the reactive power is zero after the disturbance is
added, demonstrating the effectiveness of the proposed nonlinear controller combined
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with adaptive control to diminish the unknown disturbance, therefore keeping the power
factor at the desired value.

a)

b)
Figure 7.2 Grid active and reactive power: a) without adaptive control, b) with
adaptive control
Second, the irradiance was changed in steps from 0 to 600 to 1000, and back to 800
W⁄m2 at time t =0, 0.3, 0.6 seconds respectively at a temperature of 25 0 C to see the
performance of the proposed controller to sudden changes in atmospheric conditions. The
current 𝐼𝑞𝑟𝑒𝑓 (𝑡) was set to zero to obtain unity power factor. Figure 7.3 shows the
response of the PV power, which power values are close to the ideal maximum values.

Figure 7.3 PV power and maximum power
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The current tracking errors 𝑒𝑑 (t) and 𝑒𝑞 (t), and the voltage tracking error 𝑒𝑣 (t) are shown
in Figure 7.4. It shows that the tracking errors are approximately regulated to zero
showing the effectiveness of the nonlinear controller.

a)

b)

c)
Figure 7.4 Tracking error signals a) 𝑒𝑑 (t), b) 𝑒𝑞 (t), c) 𝑒𝑣 (t)
Figure 7.5 shows the d-axis and q-axis current components, both with their corresponding
reference currents. This figure shows that current 𝐼𝑑 (𝑡) follows the reference current
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𝐼𝑑𝑟𝑒𝑓 (𝑡), trajectory obtained utilizing Eq. (7-27) and the current 𝐼𝑞 (𝑡) follows the
reference current 𝐼𝑞𝑟𝑒𝑓 (𝑡), which is set to zero to ensure unity power factor.

Figure 7.5 𝐼𝑑 (𝑡) and 𝐼𝑞 (𝑡) currents with 𝐼𝑑𝑟𝑒𝑓 (𝑡) and 𝐼𝑞𝑟𝑒𝑓 (𝑡) reference currents
The PV voltage and the reference voltage, which was obtained using the INC algorithm,
are shown in Figure 7.6. From this figure, it is clear that the PV voltage follows the
reference voltage, and it is kept steady even though the rapid changes of the irradiance.

Figure 7.6 PV voltage 𝑉𝑝𝑣 (𝑡) and reference voltage 𝑉𝑟𝑒𝑓 (𝑡)
The active and reactive power injected into the grid is shown Figure 7.7. It can be seen
that active power supplied to the grid varies as the irradiance changes while the reactive
power is approximately zero to obtain unity power factor on the grid side as it was desired.
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Figure 7.7 Active and reactive power supplied to the grid
To demonstrate that the power factor is unity on the grid side, Figure 7.8 shows the grid
voltage and current for various values of irradiance. It is clear that the grid voltage and
current are sinusoidal and they are in phase, thus showing that the power factor is unity as
it was desired.

Figure 7.8 Grid voltage and current for various values of irradiance
Figure 7.9 shows a zoom in version of Figure 7.8. It is clear to see that besides that the
voltage and the current are in phase, the time that the system takes to obtain the new
steady state after a step change of the irradiance is approximately 0.12 seconds. In Figure
7.9, it can be seen the transient response of the grid current when the irradiance suddenly
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changes from 600 𝑊 ⁄𝑚2 to 1000 𝑊 ⁄𝑚2 at time t=0.3 seconds. Figure 7.10 shows the
harmonic content of the grid current at 600 𝑊 ⁄𝑚2 . The THD of 1.84% meets the IEEE519 standard requirements.

Figure 7.9 Grid voltage and current. Time range from (0.25, 0.45 seconds)

Figure 7.10 Grid current harmonic components at 600 𝑊⁄𝑚2
A comparison of the obtained results with those found in Section 6, shows that the
proposed nonlinear control with adaptive control when unknown disturbances appear in
the circuit is more precise, as it was shown in Figure 7.2. Additionally, it was
demonstrated that the tracking errors are close to zero as it was desired, therefore showing
the performance of the proposed system. The settling time is approximately 120 [ms.] vs.
50 [ms.] of the nonlinear control without adaptive compensation presented in Section 6. In
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the proposed strategy with adaptive control, the unknown disturbances are estimated.
Thus, all the signals reach their steady state value as the estimator converges to its final
value. As can be seen in Figure 7.11, the time that the update laws takes to estimate the
unknown disturbances due to fast changes of the irradiance is approximately 120 [ms.].

Figure 7.11 Transient response of estimated disturbance
Finally, a low voltage ride through (LVRT) event was introduced as a mean to
demonstrate the effectiveness of the controller in supplying active and reactive power to
the grid. A voltage sag of 20% was emulated from t=0.2 to t=0.5 seconds maintaining a
constant maximum active power, where Eq. (7.1) was utilized to obtain the q-axis
reference current and therefore the required reactive power. The voltage and current of
the grid are shown in Figure 7.12. An expanded version is shown in Figure 7.13. From
Figure 7.13a), it can be seen that; before the voltage sag event from t=0 to t=0.2 seconds,
the current is sinusoidal and in phase with the voltage as desired. From t=0.2 to t=0.5
seconds, the current is still sinusoidal, but it is lagging from the voltage showing the
injection of reactive power into the grid as desired. After the perturbation ends at t=0.5
seconds, again the current is in phase with the voltage as it can be seen in Figure 7.13b).
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Figure 7.12 Grid voltage and current during an LVRT event

a)

b)

Figure 7.13 Grid voltage and current a) before LVRT, b) after LVRT event
Additionally, the active and reactive power supplied to the grid is shown in Figure 7.14.
It can be seen that the active power is constant at its maximum value and the grid is
receiving reactive power from the inverter during the LVRT event, therefore
demonstrating that the proposed nonlinear control approach is effective and robust to a
sudden change of the grid voltage.
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Figure 7.14 Grid active and reactive power during an LVRT event
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CHAPTER VIII
8

CONCLUSIONS

The system performance was evaluated regarding tracking performance, stability,
and system dynamics. The single-stage three-phase PV system and single-stage singlephase PV system, both with Lyapunov-based nonlinear control, were shown to be
successful in tracking the reference voltage for maximum power operation without the
necessity of an additional power converter stage. The novel trajectory generated online to
obtain the d-axis reference current goes to an equilibrium point given by the maximum
active power generated by the PV array. The proposed system was also successful in
controlling the active and reactive power of the PV system, therefore compensating the
reactive power required by the load to obtain unity power factor on the grid side.
Moreover, the grid current showed low harmonic components with a total harmonic
distortion below the values required by the IEEE-519 standard.
The single-stage three-phase grid-connected PV system and the single-stage singlephase grid-connected PV system analyzed in dq0 frame with Lyapunov-based nonlinear
control showed effectiveness and robustness to fast changes in the irradiance and the
load. Furthermore, for the case of single-stage single-phase scheme, it was successfully
shown that the system could maintain the power factor approximately to unity, as well as
the system could inject reactive power into the grid giving support to the grid in case of
an LVRT event.
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The proposed method to mitigate the current ripple in the single-phase scheme was
effective, showing a reduction of the current ripple of approximately 40% therefore,
decreasing the power loss of the PV array. Additionally, the adverse effect of unknown
disturbances that physically could appear in the circuit was mitigated using adaptive
control to estimate the unknown disturbances.
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